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Damage propagation in composite laminates is traditionally modeled by the material 
property degradation method (MPDM), which assumes that a damaged material can 
be replaced by an equivalent material with degraded properties. For the MPDM, the 
stiffness matrix of composite laminates needs to be reformulated and inverted after 
modifying material properties of damaged elements. This is a computationally 
intensive process, especially for a finite element model with a fine mesh. There is 
also a possibility that by reducing the material properties, the stiffness matrix of the 
damaged finite element becomes ill-conditioned and convergence to a solution is not 
assured. In this thesis, a new damage-modeling technique known as the element-
failure method (EFM) is proposed, which is based on the idea that the nodal forces 
of a finite element of a damaged composite material can be modified to achieve the 
reduction of load-carrying capacity and reflect the general damage state. Hence, 
there should be savings in computational efforts since each change in damage state 
is achieved by modifying modal forces of damaged elements only, and 
reformulation and inversion of stiffness matrix is not required. Because the stiffness 
matrix of the element is not altered, computational convergence can always be 
guaranteed. 
 
Employed with a recently-proposed failure criterion called the strain invariant 
failure theory (SIFT) and the fiber ultimate strain, the EFM is implemented in a 3D 
implicit finite element code to model the damage propagation in open-hole tension 
composite laminates. By predicting damage patterns and ultimate strengths of two 
 v
Summary 
quasi-isotropic composite laminates, the mesh dependency and stacking sequence 
effect are investigated. It is found that both coarse mesh and fine mesh give quite 
similar damage patterns, and laminates with different lay-ups show different 
ultimate strengths. The simulation results predicted by this progressive damage 
model agree very well with the experimental observations.  
 
In addition, the hole-size effect of open-hole tension composite laminates is also 
investigated by the developed progressive damage model. After comparing the 
ultimate strengths of laminates with the same lengths, widths and lay-ups but 
different hole sizes, it is found that laminates with smaller holes have higher tensile 
strength than those with larger holes. The hole-size effect is correctly captured by 
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Chapter 1:                                                                                       Introduction and Literature Review 
Chapter 1 




Since the early 1960s, when advanced fibrous composites were first used in 
aerospace structures and sports equipments, the vast potential of fibrous composite 
materials has been seriously exploited by engineers and scientists [Herakovich, 
1998]. The initial development and application of advanced fibrous composites were 
pursued primarily because of their potentials for lighter structures and improved 
performance. Today fibrous composites are usually the choice of designers for a 
variety of reasons, including low density, high stiffness, high strength, low thermal 
expansion, corrosion resistance, long fatigue life, adaptability to the intended 
function of the structure, and so on [Daniel and Ishai, 2006]. Because of these 
unique advantages, we are now on the verge of an explosion in the use of fibrous 
composite materials. Recently they are widely used in aircraft, marine, automotive 
structures, biomedical products, etc.  
 
Unlike monolithic materials, fibrous composite materials are composed of two 
different phases, namely, fiber and matrix, and may develop multiple failure modes. 
These failure modes include fiber breakage, fiber pullout, fiber kinking, fiber/matrix 
debonding, matrix cracking at the fiber/matrix level, and delamination at the 
laminate level (Figure 1.1), all of which may have strong interactions with one 
another. These failure modes result in a loss in strength and stiffness of composite 
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materials, and sometimes may lead to catastrophic disasters. Therefore, it is 
necessary to perform a progressive failure analysis to predict the damage 
propagation and strength of composite materials. Because of the complicated failure 
mechanisms of composite materials, the finite element method (FEM) is commonly 
 
(a) Fiber breakage (b) Fiber pullout 
(e) Matrix cracking (d) Fiber kinking (f) Delamination 
(c) Fiber/matrix debonding
 
Figure 1.1 Schematic representation of damage modes in fibrous composite materials. 
 
 
used for progressive failure analysis instead of analytical methods. A typical 
progressive failure analysis comprises three steps: stress or strain analysis, damage 
prediction and damage modeling. Firstly, the response of a material is studied under 
prescribed loading and boundary conditions, and the stresses or strains of each finite 
element are obtained. Secondly, the element stresses or strains are substituted into a 
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suitable failure theory to determine which elements have failed. Thirdly, a damage 
modeling technique is implemented to achieve the reduction of load-carrying 
capability of the failed elements. With degraded material properties of failed 
elements, these three steps are repeated until final failure or the desired number of 
failed elements is reached. In the following two sections, a literature review of 
failure theories and damage modeling techniques for fibrous composite materials 
will be provided. 
 
 
1.2 Review of Failure Theories for Fibrous Composite Materials 
 
In order to use fibrous composite materials effectively as structural elements, 
designers need to predict the conditions under which the composite materials will 
fail. For this purpose, numerous failure theories for fibrous composites have been 
proposed. Most of these theories are developed by extending the well established 
failure theories for isotropic materials to account for the anisotropy in stiffness and 
strength of the composites. Surveys of failure theories for fibrous composites have 
been published by Nahas [1986], Sun [2000], Christensen [2001], Rousseau [2003] 
and Hinton et al. [2004]. Based on the stress or strain expressions representing the 
failure conditions, failure theories for fibrous composite materials can be classified 
into two groups: non-interactive failure theories and interactive failure theories. 
Some of the most representative and widely used failure theories are discussed in 
this section. 
 
1.2.1 Non-Interactive Failure Theories 
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In non-interactive failure theories, specific failure modes are predicted by comparing 
individual lamina stresses or strains with corresponding strengths or ultimate strains. 
No interaction among different stress or strain components on failure is considered.  
 
One of the earliest non-interactive failure theories is the so-called maximum stress 
theory [Jenkins, 1920]. This theory is based on the assumption that failure occurs 
whenever any one of the stress components attains its critical value, independent of 
the values of all other stress components. Thus, it is expressed in the form of six 
subcriteria, each of which is related to one stress component. It should be noted that 
the maximum stress theory has limitations when predicting damage in multi-axial 
stress states because of its lack of stress interaction effects.  
 
A similar non-interactive failure theory is the maximum strain theory [Waddoups, 
1967]. Instead of stresses, strain components are used to express the failure 
conditions and failure occurs whenever any one of the strain components exceeds 
the corresponding ultimate strain. However, the maximum strain theory also has its 
limitation because it ignores the strain interactions. Despite their shortcomings, the 
maximum stress theory and maximum strain theory are still being used as they are 
quite simple and easy to apply [Kim et al., 1996; Hart-Smith, 1998a and 1998b]. 
 
1.2.2 Interactive Failure Theories 
 
In order to provide a better correlation between theory and experiments by taking 
into account the stress interaction effects, many interactive failure theories have 
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been proposed in the literature. In an interactive failure theory, all or some of the 
stress or strain components are included in an equation representing the failure 
condition.  
 
Tsai [1968] adapted the orthotropic yield criterion proposed by Hill [1950] to 
homogeneous, anisotropic materials and introduced the Tsai-Hill theory. The Tsai-
Hill theory is expressed in terms of a single criterion instead of multiple subcriteria 
required in the maximum stress or maximum strain theory. It assumes a failure 
surface given by the following equation 
 




















FGHGFHFHG              (1-1) 
 
where 
iσ  (i=1,2,3) and ijτ  (i,j=1,2,3) are normal and shear stresses in principal 
coordinate system. The strength parameters F, G, H, L, M and N are expressed in 
terms of the failure stresses for one-dimensional loading through a series of 
experiments. However, the Tsai-Hill theory has one drawback in determining the 
strength parameters because it does not distinguish between the tensile and 
compressive strengths, which are usually different for fibrous composite materials. 
 
Later, Tsai and Wu [1971] proposed a second-order tensor polynomial theory by 
assuming the existence of a failure surface in the stress space. The failure surface 
can be expressed by the equation 
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1=+ jiijii FF σσσ                                                 (1-2) 
 
where Fi and Fij (i,j=1,2,…,6) are tensor quantities of strength parameters and can be 
determined through a series of experiments. It is important to note that the difference 
between tensile and compressive strengths of materials is accounted for in the 
determination of these strength parameters. The Tsai-Wu failure theory overcomes 
the shortcomings of previously mentioned failure theories. It is still the most 
commonly used failure theory for composite materials. 
 
A weakness on using the Tsai-Wu failure theory is that it can predict damage 
occurrence but cannot differentiate damage modes. In order to determine damage 
modes, additional criteria must be used in conjunction with the Tsai-Wu failure 
theory. For example, the damage modes are identified by Reddy et al. [1993, 1995] 
through the following judgment. First the stress component that contributes 
maximum to the failure index (left-hand side of equation (1-2)) is identified. If the 
maximum contribution is due to 1σ , then the damage mode is fiber breakage. If the 
maximum value is due to 2σ  or 6σ , then the damage mode is matrix cracking. If the 
maximum value is due to
3σ  or 4σ  or 5σ , then the damage mode is delamination. A 
simplified 2D form, in which only fiber breakage and matrix cracking are 
determined, is used by Wolford and Hyer [2005] to predict the failure initiation and 
progression in internally-pressurized elliptical composite cylinders. Another 
judgment for identifying damage modes can be found in Zhao and Cho [2004]. If 1σ  
is between the longitudinal tensile and compressive strengths of the lamina 
( 01 >σ and tX<1σ , or 01 <σ and cX>1σ ), then the damage is matrix cracking. If 
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1σ  is bigger than the longitudinal tensile strength or smaller than the longitudinal 
compressive strength ( 01 >σ and tX>1σ , or 01 <σ and cX<1σ ), then the damage 
mode is fiber breakage or kinking. The delamination of the interface between two 
different orientated plies is determined by the following criterion 
 



















)                                                               (1-3) 
 
where  is the normal tensile strength, and S
tZ 23 and S13 the shear strengths in the 2-3 
and 1-3 plane, respectively.  
 
Instead of incorporating all of the stress components in one equation, some failure 
theories use several mathematical formulations and different formulation 
representing damage conditions for different damage modes. This type of failure 
theories can also be called damage-mode-based theories. One of the most popular 
damage-mode-based failure theories is the Hashin failure theory. Considering that 
different failure modes cannot be represented by a simple smooth function, Hashin 
[1980] proposed a failure theory in a piecewise form, accounting for fiber and 
matrix failure separately. Each of the failure modes can be expressed by the 
following equations: 













                                              (1-4) 
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where  , , −+ AA σσ and  Aτ are the tensile, compressive failure stresses in the fiber 
direction and axial shear failure stress.  , , −+ TT σσ and  Tτ are the tensile, compressive 
failure stresses transverse to the fiber direction and transverse shear failure stress. 
 
Recently, a new micromechanics-based failure theory which is known as the Strain 
Invariant Failure Theory (SIFT) is proposed by Gosse et al. [Gosse and Christensen, 
2001; Gosse, 2002]. In this theory, matrix failure is determined by considering the 
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criticality of three strain invariants. These invariants have been “amplified” by 
thermo-mechanical amplification factors extracted from micromechanical finite 
element models. The first of the invariants is related to J1 (the first strain invariant), 
the second related to the von Mises strain with micromechanical amplification 
factors extracted in the matrix phase, and the third is also related to von Mises strain 
but with micromechanical amplification factors extracted within the fiber phase or at 
the fiber-matrix interface. Using a simplified SIFT where only the first strain 
invariant is chosen, Li et al. [2002, 2003] successfully predicted the matrix failure 
and failure loads for I-beams, T-cleats and curved beams. Since it is a fully three-
dimensional (3D) and micromechanics-based theory, SIFT is applied in this thesis to 
predict the damage in fibrous composite materials.  More detailed information about 
SIFT will be introduced in the next chapter. 
 
A comparison of the failure theories discussed above is summarized in Table 1.1. 
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Table 1.1 Comparison of failure theories. 
Type Theory Advantages Disadvantages 
Maximum stress z Simple and easy to apply z No stress interaction Non-interactive 
Maximum strain z Simple and easy to apply z No strain interaction 
Tsai-Hill z Stress interaction is 
accounted for. 
z Different tensile and compressive 
strengths are not considered. 
z Failure modes are not determined.
Tsai-Wu z Stress interaction is 
accounted for. 
z Different tensile and 
compressive strengths 
are considered. 
z Failure modes are not determined.
Hashin z Different tensile and 
compressive strengths 
are considered. 
z Failure modes are 
determined. 
z Somewhat inconvenient to apply. 
Interactive 
SIFT z Micromechanics-based. 
z Thermal residual strain is 
considered. 
z Matrix failure is 
determined. 
z Inconvenient to apply. 
z Fiber failure is not determined. 
 
 
1.3 Review of Damage Modeling Techniques for Fibrous Composite 
Materials 
 
Once damage in composite materials is identified by a failure theory, a suitable 
damage modeling technique is needed to describe the effect of damage on the load-
bearing capability of the material. Besides failure theory studies, the development of 
damage modeling techniques is another important and exciting area of composite 
research. So far, many researchers have proposed several approaches for damage 
modeling in composite materials which include the material property degradation 
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method (MPDM), fracture mechanics approach, decohesion element method and 
element-delete approach. A brief review of these approaches is given in this section. 
 
1.3.1 Material Property Degradation Method (MPDM) 
 
The material property degradation method (MPDM) is one of the most widely used 
damage modeling techniques for progressive failure analysis of composite materials. 
This method assumes that the damaged material can be replaced by an equivalent 
material with degraded stiffness properties. Once damage is detected in a composite 
material, the material property degradation method can be applied either to 
lamination theory or to finite elements. 
 
1.3.1.1   MPDM Applied to Lamination Theory 
 
At the ply level, one simple material property degradation method is the ply-
discount method. The ply-discount method is usually used with classical lamination 
theory, or laminated plate or shell theory. As the incremental loading proceeds, a 
stress analysis of the composite laminate is firstly performed to identify a failed ply. 
Then the material properties of the failed ply are degraded. A new stress analysis of 
the composite laminate with modified material properties is carried out again to 
identify the next failed ply. This procedure is repeated until final failure occurs. The 
simplest ply-discount method is called total-ply-discount method, which assumes 
that all elements of the stiffness matrices of failed plies are equal to zero [Vinson 
and Sierakowski, 1987; Greif and Chapon, 1993; Prusty, 2005]. The total-ply-
discount method works in classical lamination theory, or laminated plate or shell 
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theory because even after leaving out the stiffness of entire failed plies, the 
assembled global stiffness matrix is still diagonally dominant. Different ply-discount 
strategies can also be found in other research work which assumes that only chosen 
material properties of the failed plies are reduced or zeroed, namely those connected 
with failure mechanisms which are responsible for the ply failure [Tsai and Azzi, 
1966; Petit and Waddoups, 1969; Sandhu et al., 1983; Kim et al., 1996; Chamis et 
al., 1997; Liu and Tsai, 1998; Kuraishi et al., 2002; Pal and Ray, 2002]. 
 
Greif and Chapon [1993] conducted three-point bending tests of laminated 
composite beams and attempted to predict the successive failure modes using the 
total-ply-discount method. The analysis is based on the laminated plate theory. They 
assumed that once a ply fails in a laminate, it cannot carry any more load, and all of 
its elastic properties are set to zero. The failure analysis is then repeated with the 
modified laminate based on updated stiffness matrices [A], [B], [D] until the next 
initiation of failure is reached. A comparison of the theoretical and experimental 
results shows that the predicted failure occurs at a substantially lower load than the 
experimentally determined failure load. It is a general observation that the total-ply-
discount method underestimates the laminate strength and stiffness, because it does 
not recognize that the damage is localized and the remaining stiffness of a failed ply 
is not necessarily zero [Vinson and Sierakowski, 1987].  
 
In order to improve the accuracy for predicting the post first-ply-failure (FPF) 
behavior of composite laminates, Kim et al. [1996] studied the failure of laminated 
composite beams under bending by introducing degradation factors. According to 
the failure modes, fiber breakage or matrix cracking, different degradation factors 
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for fiber (DFf) and matrix (DFm) are used to define degraded material properties. 
The stiffness of a damaged layer is replaced by a homogeneous layer with degraded 
material properties. Their results showed that the maximum load can be predicted 
with sufficient accuracy. However, their predicted maximum displacement varies as 
much as 30 % from the experimental results. 
 
The advantage of the ply-discount method is that it is easy to apply. However, the 
stiffness matrix of the failed ply is modified at the onset of the first crack, which 
may lead to an underestimation of the laminate stiffness and strength. Applying 
material property degradation for the whole ply would be too conservative.  
 
1.3.1.2   MPDM Applied to Finite Elements 
 
In order to overcome the shortcomings of the ply-discount method and to analyze 
the failure of complex structures, the material property degradation can be 
performed with the finite element method. In this case, damage is assumed to have 
an effect on the failed elements and only the elastic moduli of the failed elements are 
modified according to the failure modes [Chang et al., 1984; Chang and Chang, 
1987ab; Chang et al., 1988; Chu and Sun, 1993; Reddy and Reddy, 1993; Reddy et 
al., 1995; Camanho and Matthews, 1999; Qing et al., 2000; Tserpes et al., 2001; 
Xiao and Ishikawa, 2002; Zhao and Cho, 2004; Ambur et al., 2004ab; Wolford and 
Hyer, 2005; Kress et al., 2005]. 
 
Chang et al. [Chang et al., 1984; Chang and Chang, 1987ab; Chang et al., 1988] 
developed a two-dimensional (2D) progressive damage model for notched 
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composite laminates subjected to tensile or compressive loading. A modified 
Yamada-Sun failure criterion [Yamada and Sun, 1978] is used and material property 
degradation is carried out at element level. Once failure is predicted in one finite 
element, selected elastic constants of the element are reduced drastically depending 
on the mode of failure. 
 
Tan et al. [Nuismer and Tan, 1988; Tan and Nuismer, 1989; Tan, 1991; Tan and 
Perez, 1993] proposed a 2D progressive damage model for laminates containing 
central holes subjected to in-plane tensile or compressive loading. Instead of 
reducing the elastic constants to zero, three internal state variables Di (i=1, 2, 6) are 
used to simulate the stiffness degradation of failed elements. The Poisson’s ratios 
are not degraded and only the Young’s moduli and shear modulus are modified for a 














                                                                                         (1-8) 
 
where E11, E22 and G12 are the effective material properties of the damaged lamina 
and ,  and are the material properties of the undamaged lamina. The 
predicted damage progression patterns agreed with the experimental results obtained 
from X-radiographic examination of the specimens, but the predicted ultimate 
strength values were very sensitive to the selected values of the internal state 
variables. As a consequence, investigation based on experiments is necessary to 
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In the above two models, it is assumed that the stiffness reduction associated with 
damage due to compressive loading is the same as that associated with damage due 
to tensile loading. However, unlike the tensile case where the surfaces of a crack are 
traction free, failed elements can still sustain some load under compressive loading 
conditions. 
 
Based on the work of Tan et al. [Nuismer and Tan, 1988; Tan and Nuismer, 1989; 
Tan, 1991; Tan and Perez, 1993], a 3D finite element model is developed by 
Camanho and Matthews [1999] to predict the damage progression and strength of 
mechanically fastened joints in carbon fiber-reinforced plastics that fail in bearing, 
net-tension and shear-out modes. This progressive damage model relates the 
material elastic properties with internal state variables Di that are functions of the 
type of damage. Four damage modes are assumed by using Hashin’s failure theory. 
The effect of damage on the elastic properties is shown in Table 1.2, where 
superscripts T, C and d are used to denote tension, compression and degraded 
material properties, respectively. By taking the first load drop-off as the failure load, 
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Table 1.2 Correlation of damage modes and material property degradation [Camanho and 
Matthews, 1999]. 
 
Damage Modes Material Property Degradation 
Matrix tensile or shear cracking 222 EDE
Td = ;  ;  12412 GDG Td = 23423 GDG Td =
Fiber tensile fracture 111 EDE
Td =  
Matrix compressive or shear cracking 222 EDE
Cd = ;  ;  12412 GDG Cd = 23423 GDG Cd =
111 EDE
Cd =  Fiber compressive fracture 
 
 
Considering that the size of the actual damage in the form of micro cracks is very 
small compared to the size of finite elements in the mesh, Reddy et al. [1995] 
proposed a gradual stiffness reduction scheme to study the failure of composite 
laminates under tensile or bending load. When an element failure is indicated by a 
failure criterion, the stiffness properties of that element are reduced gradually only to 
a level at which the failure criterion is no longer satisfied. This gradual stiffness 
reduction scheme results in the partial unloading of elements and allows repeated 
failures for the same element (accumulation of damage in the element). In order to 
simulate this gradual degradation and repeated failures of an element, an assumption 
is made that the degraded elastic properties of equivalent damaged elements are 
constant multiples of the elastic properties before current failure step. The constant 
is defined as stiffness reduction coefficient (SRC) whose value is between 0 and 1. 
Figure 1.2 shows the effect of SRC value on the estimated ultimate load for three 
tensile test coupons. It indicates that the gradual stiffness reduction scheme with a 
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large SRC value provides more accurate ultimate loads than the stiffness reduction 
scheme which reduces the material properties of failed elements to zero. 
 
 
Figure 1.2 The effect of SRC on the estimated ultimate load for three tensile test coupons 
[Reddy et al., 1995]. 
 
 
Although the material property degradation method performed with the finite 
element method is widely used, there are several shortcomings that need to be 
addressed. Firstly, after modifying the material properties of failed elements, 
reformulation and inversion of the global stiffness matrix is needed. This is a 
computationally intensive process, especially for a model with a fine mesh. 
Secondly, there is a possibility that by reducing the material properties, the stiffness 
matrix of the damaged finite element becomes ill-conditioned and convergence to a 
solution is not assured. Finally, so far there is still no consistent and physically 
inspired method to determine which of the many material properties should be 
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degraded for the failed elements. For example, once matrix cracking is predicted in 
one element, some [Reddy et al., 1995; Xiao and Ishikawa, 2002; Kress et al., 2005] 
did and some [Tan, 1991; Camanho and Matthews, 1999;] did not degrade values 
for the Poisson’s ratios. 
 
1.3.2 Fracture Mechanics Approach 
 
In the fracture mechanics approach, the damage in composite materials is accounted 
for as cracks, and the cracks can be regarded as parts of the boundary of the body 
and be treated individually. The crack propagation is usually modeled by node-
splitting technique [Bakuckas et al., 1995a,b] or node-release technique [Tay et al., 
1999; Shen et al., 2001] after the fracture criterion is satisfied. 
 
Bakuckas et al. [1995a,b] proposed a hybrid micromechanical-anisotropic 
continuum model to predict damage growth in unidirectional composites with 
central cracks subjected to quasi-static tensile loading (Figure 1.3). This model 
consists of a heterogeneous region enclosing the crack-tip area where the damages 
are most likely to occur, and an outer homogeneous region to which the far-field 
load is applied. The numerical predictions of the failure process are conducted 
within the micromechanical heterogeneous region where the fibers and matrix are 
explicitly modeled. The nodes in the heterogeneous region are classified into six 
classes according to their locations in the composite medium. If the maximum stress 
criterion is satisfied at a node, a node-splitting and nodal force relaxation algorithm 
is used to generate new crack surfaces. Although a good qualitative agreement 
between the numerical predictions and experimental observations has been 
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established, this model has its limitation because in most cases, the region of 
anticipated damage growth is not easy to determine or very big so that the explicit 





Figure 1.3 Schematics of node classes [Bakuckas, 1995a]. 
 
 
The most popular application of the fracture mechanics approach is to model 
delamination in laminated composites. In order to reduce the computational effort, 
the delamination growth has been studied by some 2D models [Buchholz et al., 1997; 
Gaudenzi et al., 1997] or quasi-3D models which employ plate or shell elements 
[Nilsson et al., 1997; Lachaud et al., 1998; Falzon and Hitchings, 2003; Chen et al., 
2003]. However, the simplified 2D analyses are not adequate to describe all the 
characteristics of real structural delamination, and the quasi-3D analyses cannot 
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separate the strain energy release rate (SERR) into its three components, i.e. the 
opening, sliding and tearing modes. Tay et al. [1999] and Shen et al. [2001] 
performed fully 3D analyses which overcome the above shortcomings to model 
delamination in composite laminates. The virtual crack closure technique (VCCT), 
originally proposed by Rybicki and Kanninen [1977], was used to determine the 
strain energy release rate components and locations where the delamination occurs. 
This technique is based on the assumption that the energy required to propagate a 
crack by a small amount is equal to the work required to close the crack by the same 
amount. The delamination crack front advances by releasing selected node pairs. 
However, simply disconnecting the nodes may result in the penetration of the two 
delamination surfaces in the event of a closing delamination. Therefore, 
considerable computational time is generally required to check for interpenetration. 
If interpenetration has occurred, then contact iterations must be performed to obtain 
physically admissible solutions. In order to combine the computational efficiency of 
a plate or shell finite element model with the accuracy of the full 3D solution, 
Krueger and O’Brien [2001] developed a shell/3D modeling technique for which a 
local solid finite element model is used only in the immediate vicinity of the 
delamination front and the remainder of the structure is modeled using shell 
elements. The connection between the solid elements and the shell elements was 
performed by multi-point constrains. It is found that the accuracy of the analysis 
depends on the size of the region modeled by 3D solid elements: once this local 
region was extended in front and behind the delamination front to a minimum of 
about three times the specimen thickness, the results were in good agreement with 
those obtained from a fully 3D analysis. 
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The fracture mechanics approach is applicable to predict delamination propagation 
in composite laminates, but it is not used for crack onset study because pre-existing 
cracks must be defined. However, for certain geometries and load cases, the location 
of the initial damage might be difficult to determine. After splitting or releasing the 
selected node pairs, the stiffness matrix of the finite element model need to be 
modified. In addition, a complex moving mesh technique may also be required to 
advance the crack front [Chen el al., 2003; Bai and Chen, 2004]. These will create a 
large computational burden in the progressive damage analysis.  
 
1.3.3 Decohesion Element Method 
 
Another appealing progressive damage technique for composite materials is the 
decohesion element method, in which decohesion elements are used at the interface 
between individual plies of a composite laminate to model the crack initiation and 
propagation. The idea is based on the Dugdale-Barenblatt cohesive zone approach 
[Dugdale, 1960; Barenblatt, 1962], which can be related to Griffith’s theory of 
fracture when the cohesive zone size is negligible compared with characteristic 
dimensions, regardless of the constitutive equation [Camanho et al., 2001]. However, 
in many cases, it is not clear whether this condition is met. The decohesion element 
method combines strength-based analysis to predict the damage initiation, and 
fracture mechanics analysis to predict further crack propagation. The main 
advantage of the use of decohesion elements is the capability to predict both onset 
and the propagation of delamination without a pre-defined crack. Different types of 
decohesion elements have been proposed, which include point decohesion elements, 
line decohesion elements and plane decohesion elements [Camanho et al., 2001]. 
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1.3.3.1   Point Decohesion Element Method 
 
The point decohesion element method is otherwise simply known as the cohesive 
element method. Duplicate coincident nodes are placed at the interfaces where 
cracks are expected to occur, and these nodes are connected by spring elements 
prescribing the relationship between interfacial loads and relative displacements of 
the interfaces. This method has been used successfully for predicting delamination 
[Cui and Wisnom, 1993; Wisnom, 1996; Borg et al., 2001; Meo and Thieulot, 2005; 
Xie and Waas, 2006] and intralaminar crack progression [Wisnom and Chang, 2000; 
Hallett and Wisnom, 2006a,b]. 
 
The point decohesion element method has been developed largely to model 
delamination. Cui and Wisnom [1993] proposed a 2D model to predict the 
delamination in specimens under three-point bending and specimens with cut central 
plies. Duplicate nodes are used along the interface between distinct plies. For each 
pair of nodes, two independent springs, one in horizontal and the other in vertical 
direction, are used to connect them. The simulation results show a significant mesh 
size effect for specimens with cut central plies. A similar model was also used by 
Wisnom [1996] to predict mode II failure in specimens under three-point bending 
which contained initial cracks of various lengths. The decohesion elements 
described above have a sudden discontinuous change in stiffness when the failure 
criterion is reached. A different decohesion element is designed by Petrossian and 
Wisnom [1998] which has a smooth transition between linear elastic and plastic 
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behavior. This type of elements was used to predict the delamination in straight and 
curved composite specimens. 
 
A more complicated 2D discrete cohesive zone model (DCZM) was proposed by 
Xie and Waas [2006] to simulate fracture initiation and growth in three popular 
fracture test configurations, i.e., the double cantilever beam (DCB), end notched 
flexure (ENF) and mixed-mode bending (MMB). The decohesion element in this 
model consists of four nodes, two tip set nodes connected by a spring and two 
dummy nodes introduced to extract information for the effective cohesive length and 
the current crack path orientation (Figure 1.4). The simulation results show that this 
model is not sensitive to the mesh size and the load increment.  
 
 
Figure 1.4 Definition of DCZM element and its node numbering [Xie and Waas 2006]. 
 
 
Other examples of point decohesion models for delamination prediction can be 
found in the work of Meo and Thieulot [2005], Crisfield et al. [1997] and Borg et al. 
[2001]. Using shell elements for the composite plies and non-linear springs for the 
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interface, Meo and Thieulot [2005] studied Mode I fracture for a double cantilever 
beam. Crisfield et al. [1997] solved a mixed mode beam problem using a model 
which allows for combined mode I and mode II loading. Using three orthogonal 
springs to connect the interface, Borg et al. [2001] extended the work of Crisfield et 
al. [1997] and developed a 3D model which allows for Mode I, II, III loading and 
any combined loading. Instead of a damage formulation, the dissipated work is used 
to control the unloading path in the cohesive zone. Simulation results are found to be 
in agreement with experimental results for double cantilever beam, end-notch 
flexural and mixed mode bending problems.  
 
A quasi-3D model was proposed by Wisnom and Chang [2000] to predict both 
delamination and intra-ply damage prior to ultimate failure in a cross-ply laminate 
with a centre crack loaded in tension (Figure 1.5). Separated planar elements are 
used for each ply and they are connected together by non-linear springs to model 
delamination between different plies. A similar technique is used to model 
longitudinal splitting along the fibers by means of spring interface elements across 
the line perpendicular to the notch where splitting is expected. The model accurately 
predicted the development of a narrow triangular delamination zone and the extent 
of splitting as a function of applied tensile load. Later, this work was extended and 
applied to double edge notched composites with four different layups (Figure 1.6) 
[Hallett and Wisnom, 2006a,b]. The effect of inclusion of longitudinal splitting in 
the model on the prediction of ultimate strength and failure modes has been 
examined. The simulation results compare very well with the experimental 
observations, capturing delamination and intra-ply splitting. 
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Figure 1.5 (a) Schematic illustration of damage in a cross-ply laminate loaded in tension; (b) 




Figure 1.6 Schematic view of finite element model for double edge notched composites [Hallett 
and Wisnom, 2006b]. 
 
 
The point decohesion element method has the advantage that it can be used to 
predict both damage initiation and damage propagation without a pre-existing crack. 
It does however require an a-priori knowledge of the potential damage sites and 
decohesion elements to be inserted along such a path [Hallett and Wisnom, 2006b]. 
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Line decohesion elements are used to predict delamination in 2D plane strain 
imple four-noded linear and six-noded quadratic line decohesion elements (Figure 
conditions. Assuming that the thickness of the interface between two different plies 
is negligibly thin with respect to the geometrical dimensions of the composite 
laminate, an effective finite element discretization of the interface can be obtained 
by using elements connecting the two parts of the interface whose thickness is taken 
as exactly zero before delamination occurs. For this reason, line decohesion 
elements can be envisaged as 2D elements with zero thickness. In contrast to 
continuum elements where stress-strain relations are used, decohesion elements are 
governed by the relation between tractions and relative displacements between the 
structural components at the interface. 
 
S
1.7) have been proposed and used for delamination analyses of double cantilever 
beams [Chen et al., 1999; Alfano and Crisfield, 2001; Tenchev and Falzon, 2006] 
and four point bending specimens [Chen and New, 2001; Chen, 2002]. Initially, the 
decohesion elements have a zero thickness with two (linear) or three (quadratic) 
pairs of overlapping nodes. After initiation of delamination the nodes of a pair are 
released. Each node of the element has two degrees of freedom, normal and 
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Figure 1.7 (a) Linear line decohesion element; (b) Quadratic line decohesion element [Chen et 
al., 1999]. 
 
In order to accurately represent the stress concentration near the free edges of 
specimens without the need of extreme mesh refinement, Schellekens and Borst 
[1991a,b; 1992; 1993a,b; 1994] developed a set of twelve-noded cubic generalized 
plane strain elements and complex eight-noded cubic line decohesion elements 
(Figure 1.8) to predict the onset and growth of free edge delamination. The 
generalized plane strain elements that are used to model the plies of the laminate are 
connected by decohesion elements. The decohesion elements have initially a zero 
thickness with four pairs of overlapping nodes. After initiation of delamination, the 
nodes of a pair are gradually released and an internal traction-free boundary is 
created. The numerical results for graphite/epoxy laminates are in good agreement 
with experimental observations and calculations show that this approach does not 
suffer from mesh dependency. 
 
 
Figure 1.8 Cubic line decohesion element [Schellekens and Borst, 1994]. 
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1.3.3.3   Plane Decohesion Element Method 
 
The 2D delamination problem modeled by line decohesion elements can be easily 
extended to 3D case by replacing the line decohesion elements with surface 
elements and taking mode III fracture into account. The surface elements used for 
modeling the resin rich zone at the interface are called plane decohesion elements. 
They are also known as zero-thickness volumetric decohesion elements [Camanho et 
al., 2003; Camanho et al., 2004; Meo and Thieulot, 2005] or 2D entity elements 
[Allix and Ladeveze, 1992; Daudeville and Ladeveze, 1993; Daudeville et al., 1994; 
Allix et al., 1995; Allix and Blanchard, 2006]. A decohesion element consists of an 
upper and a lower surface. Generally the two surfaces of the decohesion element act 
as a single one before a prescribed failure criterion is satisfied. Once the failure 
criterion is satisfied, the connection is broken and there is no more bond between the 
two surfaces. In order to prevent the interpenetration of the delaminated surfaces, a 
contact constraint by the penalty function method is usually employed. 
 
An interface decohesion element with eighteen nodes (nine pairs of coincident nodes) 
that matches with twenty seven-noded isoparametric hexahedral elements was 
developed by de Moura et al. [1997] (Figure 1.9). The shape functions of the 
decohesion element are the same as those of the quadratic nine node rectangular 
isoparametric Lagrangian element. The point-to-point constraint for each pair of 
coincident nodes is used and the interpenetration restriction is taken into account. 
But it is found that this type of constraint is unsatisfactory when there is significant 
tangential relative movement between the nodes of a pair. Later this work was 
improved by changing the point-to-point constraint to a point-to-surface constraint 
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when the failure criterion is met [Goncalves et al. 2000]. The main difference 
between these two constraints deals with the contact point determination. While for 
the point-to-point constraint the relative displacement is measured between nodes of 
a pair, for the point-to-surface constraint it is done between a node and its projection 
onto the opposite surface. Good agreement between numerical and analytical results 
was obtained for refined meshes with the point-to-surface constraint. 
 
 
Figure 1.9 Eighteen-noded plane decohesion element [de Moura et al., 1997]. 
 
A zero-thickness decohesion element with eight nodes is proposed by Camanho et al. 
[2003, 2004] to predict the delamination in composite materials under mixed-mode 
loading. The laminae are modeled by solid finite elements which are connected by 
decohesion elements representing the resin-rich layer. Good agreements between the 
experimental results and the numerical predictions are obtained. Meo and Thieulot 
[2005] used the same decohesion element and successfully predicted the response of 
a double cantilever beam. 
 
Ladeveze and his co-workers [Allix and Ladeveze, 1992; Daudeville and Ladeveze, 
1993; Daudeville et al., 1994; Allix et al., 1995] developed a mesomodel to study 
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delamination in composite laminates. In the mesomodel, a laminate is modeled as a 
stack of homogeneous elastic layers and interlaminar interfaces. The interface is a 
2D entity whose behavior is assumed to be orthotropic. Orthotropic directions of the 
interface are defined as the bisectors of the fiber directions of the adjacent layers 
(Figure 1.10). The interface is characterized by constitutive equations which relate 





















































                                                                      (1-9) 
 
where 3iσ  and  (i=1,2,3) are the stresses and relative displacements at the 
interface. The stiffness components can be expressed as 
[ iu ]
 


















                                                                    (1-10) 
 
where G13, G23 and E  are the elastic moduli of the resin rich zone. e3 1 is the 
thickness of  the resin rich zone. The degradation effect of the delamination is taken 
into account through the relative variations of the interface elastic moduli. Recently, 
this mesomodel was used by Allix and Blanchard [2006] to predict both 
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Figure 1.10 “Orthotropic” directions of the interface’s damage model [Allix and Blanchard, 
2006]. 
 
The decohesion element method has the advantage that it can be used to predict both 
damage initiation and damage propagation. It does not rely on the existence of a pre-
crack, as opposed to the fracture mechanics approach using stress intensity factors or 
energy release rates as thresholds for crack growth with the requirement of a pre-
existing crack. However, it does require a-priori knowledge of the potential failure 
sites and decohesion elements to be inserted along such a path [Hallett and Wisnom, 
2006b]. For this reason, the decohesion element method are frequently used for 
delamination analysis, but rarely for intra-ply damage analysis. 
 
1.3.4 Element-Delete Approach 
 
Another simple damage modeling technique for composite materials is known as the 
element-delete approach. Mahishi and Adams [1982] used this approach to predict 
the damage initiation and propagation in a micromechanical model, in which a 
single broken fiber is embedded in an annular sheath of aluminum matrix. To 
simulate the damage growth, the finite elements are removed from the mesh and not 
involved in further computations when a user-defined criterion is reached. In this 
case, the load sustained by the deleted elements is transferred to the surrounding 
undeleted elements. Generally, this approach is too conservative if it is applied at the 
ply scale. Because the elements with matrix cracks can still sustain some load in the 
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fiber direction, the deletion of these partially failed elements will underestimate the 
strength of composites. In addition, it becomes inadequate if the load experienced by 
the element is compressive in nature, as the element containing cracks can still resist 
volumetric compression. 
 
Recently, Meo and Thieulot [2005] used a “birth-and-death” elements approach to 
predict the delamination in a double cantilever beam. The finite element model 
consists of three layers of solid elements. The mid layer represents the interface 
connecting the upper and lower composite unidirectional layers. In their analysis, 
the elements of the interface loaded beyond their critical energy release rate are 
considered failed and deleted. The “birth-and-death” option is used to deactivate or 
reactivate selected elements in certain cases. The failed elements are not actually 
removed but deactivated by multiplying their stiffness by a severe reduction factor. 
For this reason, this method can also be grouped into the material property 
degradation method.  
 
1.3.5 Element-Failure Method 
 
An alternative method to overcome the drawback of the element-delete approach for 
compressive loading, the element-failure algorithm, is proposed by Beissel et al. 
[1998] in the analysis of dynamic crack propagation in isotropic materials. In this 
algorithm, cracks are allowed to propagate through elements. The elements through 
which the crack tip passes lose the ability to sustain deviatoric and tensile 
volumetric stresses, i.e. they can only sustain volumetric compression. These failed 
elements are not removed from the finite element mesh. The failure effect is 
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achieved by applying a set of external nodal forces on the nodes of failed elements 
which are equivalent to the internal forces on those nodes due to the stresses in the 
elements before they are failed. The advantage of this technique allows crack 
propagation in any direction without the need of remeshing and stiffness matrix 
modification. Additionally, there is no need to incorporate crack-face surfaces into a 
contact algorithm. 
 
Considering that this element-failure algorithm is particularly suited for failure 
analysis of composite structures, where certain modes of failure do not completely 
preclude the ability of the composite material to sustain stresses, the element-failure 
concept is recently extended by Tay et al. to the failure analysis of composite 
laminates under low-velocity impact [Tay et al., 2003] and quasi-static three-point 
bending [Tay et al., 2005a, b]. In these analyses, the external nodal force 
modification is conducted according to the mode and extent of local damage 
predicted in the failed elements. Good agreement between simulation results and 
experimental observations was reported. 
 
 
1.4 Problem Statement 
 
In view of the damage modeling techniques described in this chapter, there are still 
many aspects that need to be improved. For the material property degradation 
method, the stiffness matrix of the composite laminates needs to be reformulated 
and inverted after modifying material properties of damaged elements. This is a 
computationally intensive process, especially for a model with a fine mesh. There is 
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also a possibility that by reducing the material properties, the stiffness matrix of the 
damaged finite element becomes ill-conditioned and convergence to a solution is not 
assured. For the fracture mechanics approach, an initial crack must be defined 
beforehand and a complex moving mesh technique may be required to advance the 
crack front. Moreover, considerable computational time may also be needed to 
prevent crack surface interpenetration. For the decohesion element method, both 
damage initiation and damage propagation can be predicted without the need of a 
pre-existing crack. However, it does require a-priori knowledge of the potential 
failure sites and decohesion elements to be inserted along such a path. Both the 
fracture mechanics approach and the decohesion element method are suitable for 
delamination analysis, but not for intra-ply damage analysis. For the element-delete 
approach, the strength of composite laminates may be underestimated because the 
damaged elements with matrix cracking can still sustain some load in the fiber 
direction. This approach is too conservative if it is applied at macroscopic scale. In 
addition, it becomes inadequate if the load experienced by the damaged element is 
compressive in nature, as the element containing cracks can still resist volumetric 
compression. 
 
The above disadvantages associated with the conventional damage modeling 
techniques can be overcome by the element-failure method (EFM). In the element-
failure method, instead of material properties, nodal forces of damaged elements are 
modified to reflect the changes in their load-bearing capability. Hence, there should 
be savings in computational efforts since each change in damage state is achieved by 
modifying nodal forces of damaged elements only, and reformulation and inversion 
of stiffness matrix is not required. Because the stiffness matrix of the element is not 
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altered, computational convergence can always be guaranteed. Besides delamination, 
intra-ply damage such as matrix cracking and fiber breakage can also be modeled by 
modifying the nodal forces of damaged elements in different directions. In addition, 
as damaged elements are not removed from the finite element mesh, they can still 
sustain volumetric compressive loading, which reflects the real load-bearing 
capability of damaged elements and is more reasonable compared with the element-
delete approach.  
 
The element-failure method has been successfully used to predict damage 
propagation in composite laminates under low-velocity impact [Tay et al., 2003] and 
quasi-static three-point bending [Tay et al., 2005a, b]. However, these analyses are 
all based on 2D models, thus restricted to cross-ply and unidirectional laminates. In 
3D cases, factors such as geometry, fiber orientation, stacking sequence, through-
thickness pressure and loading conditions are important parameters for the damage 
propagation and strength prediction of composite laminates. In order to include all 
of these factors in a detailed progressive failure analysis, 3D models are necessary. 
 
 
1.5 Scope of Study 
 
The intent of this research effort is to use the 3D element-failure method (EFM) in 
conjunction with a new micromechanics-based strain invariant failure theory (SIFT) 
to predict damage propagation in open-hole tension (OHT) composite laminates. In 
this thesis, the EFM and SIFT are coded in an in-house code specially developed for 
3D progressive failure analysis of composite structures. The stress analysis is first 
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performed by the finite element method. Then the strain invariant failure theory is 
used to identify the damaged elements and the element-failure method to describe 
the effect of damage. Composite laminates with unidirectional and cross-ply lay-ups 
are studied first to validate the SIFT-EFM approach. By taking account of different 
failure modes such as matrix cracks, fiber rupture and delamination, two quasi-
isotropic composite laminates are also studied to investigate the effect of stacking 
sequence. Damage patterns and strength of composite structures predicted by the 
SIFT-EFM approach are compared with experimental observations. Finally, 
composite laminates with holes of various diameters are analyzed to investigate the 
hole-size effect.  
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Chapter 2 
Element-Failure Method and Strain Invariant Failure Theory 
 
In this thesis, the novel element-failure method (EFM) and recently proposed 
micromechanics-based strain invariant failure theory (SIFT) are implemented in an 
in-house three-dimensional implicit finite element code to study the damage 
progression in composite laminates. The principles of the EFM and SIFT are 
described in detail in this chapter. 
 
 
2.1 Element-Failure Method (EFM) 
 
The idea and assumption of the EFM is that the effect of damage on the mechanical 
behavior of composites can be essentially described by the effective nodal forces of 
a finite element. If one element is predicted to be failed by a failure theory, a 
suitable set of external nodal forces are applied at the nodes to achieve the reduction 
of load-carrying capability of this element. This leaves the original (undamaged) 
material properties unchanged, and every step is simply an analysis with the updated 
set of loading conditions at the nodes. For this reason, the element-failure method 
may also be called the nodal force modification method. 
 
2.1.1 Principle of the EFM 
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When damage is predicted to have occurred within a finite element of composite 
material, it is traditionally assumed that the elastic properties of the element are 
degraded to reflect the damaged state. There are explicit relations between the nodal 
forces and the elastic properties of the finite element. The force-displacement 
relation for a finite element can be written as [Krishnamoorthy, 1997]: 
 
Ku=f                                                                     (2-1) 
 
where u is the vector of nodal displacements, f the vector of nodal forces and K the 




T dVCBBK                                                       (2-2) 
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where the material stiffness coefficients Cij (i,j=1,2,…6) are related to the 
engineering constants E1, E2, E3, G12, G23, G13, v12, v23, v13 and v21, v32, v31
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In the case of a unidirectional fibrous composite material, subscript 1 of the 
engineering constants refers to the fiber direction, subscripts 2 and 3 refer to the in-
plane transverse direction and out-of-plane direction, respectively. 
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∂=,  and 
z
NN izi ∂
∂=,  are the derivatives of the shape functions Ni with respect to the global x, 
y and z coordinates, respectively. Substituting the expressions of C and B from 
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Substituting equations (2-2,7,8) into equation (2-1), the x, y and z components of the 
nodal force for node i can be explicitly written as 
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 (2-11) 
 
It is clear that for every change in the stiffness coefficients Cij induced by the 
material property degradation, there are corresponding changes in the nodal forces. 
The EFM, however, works through the direct manipulation of the nodal forces. It 
has been proven by Tay [2005b] that the EFM is a more general method than the 
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MPDM because the EFM is able to reproduce the results of the MPDM but the 
reverse is not always true. 
 
In the EFM used in this thesis, a failed element is defined as one with damage in the 
form of matrix cracks, fiber breakage or delamination. For the purpose of illustration, 
consider a finite element of an undamaged composite material (Figure 2.1(a)), 
experiencing a set of internal nodal forces (black). Suppose damage in the form of 
matrix cracks is formed in this element and the element is under tension in 
transverse direction (Figure 2.1(b)), the load-carrying capability of the element will 
be compromised.  In conventional material property degradation models, this 
reduction in load-carrying capability is achieved by reducing or zeroing certain 
material properties of the failed element. In the element-failure method, however, 
the reduction is effected by applying a set of external nodal forces (red) in the 
transverse direction such that the net internal nodal forces of surrounding intact 
elements are reduced or zeroed (the latter if the failed element cannot sustain any 
nodal force in the transverse direction). If fiber breakage also occurs in this element, 
this element is deemed to be completely failed and cannot sustain any nodal force in 
the fiber and transverse directions. A set of external nodal forces are applied in both 
directions to reflect the loss of load-carrying capability of the element (Figure 
2.1(c)). In the event of delamination, nodal force modification in the out-of-plane 
direction needs to be performed in the same way. It should be noted that it is not the 
internal nodal forces of the failed elements, but the net internal nodal forces of the 
surrounding intact elements are reduced or zeroed. The decision whether to fail an 
element is guided by a suitable failure theory. The “correct” or required set of 
applied nodal forces to achieve the reduction of load-carrying capability is 
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determined by successive iterations until the net internal nodal forces (residuals) of 
surrounding intact elements converge to the desired values. After this, the stresses 
within the failed element no longer have physical meanings although compatibility 
may be preserved. This process leaves the original (undamaged) material stiffness 
properties unchanged and no reformulation of the stiffness matrix is necessary. It is 
thus computationally efficient as each step or iteration is simply an analysis with the 






Figure 2.1 (a) Finite element of undamaged composite with internal nodal forces. 
(b) Finite element of composite with matrix cracks. Components of internal nodal 
forces transverse to the fiber direction are modified. 
(c) Completely failed element. All net internal nodal forces of surrounding intact 
elements are zeroed. 
 
 
2.1.2 Validation of the EFM 
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In this section, the technique of EFM is demonstrated by a simple one-dimensional 
problem. Consider the case where a rod is discretized into three linear elements as 
shown in Figure 2.2. The elastic modulus, cross-section area and length of the rod 
are E, A and 3L, respectively. The left end of the rod is fixed and a constant 





EAK =                                                                                                            (2-12) 
 




EAKuF ==int                                                                            (2-13) 
 
Assume that element 2 fails and can not sustain any loading, i.e. the desired internal 
nodal forces Fd of elements 1 and 3 are zero. In order to perform the EFM, external 
nodal forces should be applied at the nodes of element 2, namely, nodes i and j. At 
the beginning of the nodal force modification process, the correct magnitudes of 
external nodal forces to be applied are unknown. They will be determined through a 
series of iterations whereby external nodal forces are added per iteration until the 
internal nodal forces of the adjacent intact elements converge to the desired value. 
At the (n+1)th iteration, an external nodal force )1( +nextF  is applied to nodes i and j. It 
is defined as 
 44





ext RFF +=+                                                  (2-14) 
 
where superscripts refer to the iteration number. R(n) is the residual nodal force at the 
nth iteration which is defined as the difference of desired and current internal nodal 
forces of the adjacent intact element. Figure 2.3 shows the loading conditions for 
node j at the nth iteration. Here  and  are equal to the internal nodal forces 
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Figure 2.2 A rod under prescribed displacement. 
 
















n FFF +=                                                  (2-15) 
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 45
Chapter 2:                                           Element-Failure Method and Strain Invariant Failure Theory 
 
Substituting equation (2-16) into (2-15) and comparing equation (2-16) with (2-14), 





ext FF =+                                                         (2-17) 
 
This means that the external nodal force applied at the (n+1)th iteration is actually 
the internal nodal force of element 2 at the nth iteration. Now the following equations 
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It can be seen from the above equations that as the number of iterations becomes 
very large (i.e. n ∞ ), , , ,  and 
, respectively. In other words, after a large number of iterations, the 
elongation of element 2 approaches 3u, which is equal to that of the whole rod 
before the EFM is performed. More interestingly, element 1 and 3 will go to their 
original undeformed states and it would appear as if the failed element does not exist 
at all. 
→ KuF next 3)( → 0)(3 →nF 0)(1 →nx ux n 3)(2 →
0)(3 →nx
 
2.1.3 Formulas for the EFM 
 
In the EFM, The “correct” or required magnitudes of external nodal forces to be 
applied are unknown before the nodal force modification is performed. They are 
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determined by a series of iterations until the net internal nodal forces of surrounding 
intact elements converge to the desired values. This iteration process is formulated 
in this section to achieve the nodal force convergence. 
 
Consider a unidirectional composite plate under tension in Figure 2.4. Suppose 
matrix cracking occurs in element B and load-carrying capability of this element is 
compromised in the transverse fiber direction (2-direction), while the load-carrying 
capacities in other two directions (1- and 3-directions) are not affected. Before 
applying an external nodal force (at iteration 0), force equilibrium at node P of failed 
element B requires that 
 












                                                  (2-22) 
 
where superscript “0” represents the iteration number.  is the component in 
transverse fiber direction of the resultant internal nodal force of elements A1, A2 and 
A3, which are the intact elements surrounding node P.  is the component in 
transverse fiber direction of the internal nodal force of element B.  is the applied 
external nodal force in transverse fiber direction at node P. Suppose the desired 
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then the residual nodal force R0 which is defined as the difference of the desired and 





AdA ffR −=                                                      (2-23) 
 
 
Figure 2.4 (a) Unidirectional composite laminate under tension load. 




















Substituting equation (2-22) into equation (2-23), we can get the residual nodal force 





BdA ffR +=                                                       (2-24) 
 
Then at the 1st iteration, the external nodal force at node P becomes 
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                                                    (2-29) 
 
This procedure is repeated until the net internal nodal forces of the surrounding 
intact elements converge to the desired value  or the residual nodal force 
approaches zero. It can be seen from equation (2-29) that if the failed element cannot 
sustain any load ( =0), the external nodal force applied at the current iteration is 
actually the internal nodal force of the failed element at the previous iteration. Note 
that when convergence is reached, it is not the internal nodal forces of failed 
elements that are zeroed, but the net internal nodal forces of surrounding intact 
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in the transverse direction at node P, they also hold for nodal force modification in 
other directions.  
 
In finite elements, the nodal forces are usually expressed in global coordinate system. 
In order to perform the EFM in a general composite laminate, the nodal forces must 
be resolved in the appropriate directions due to the existence of angle plies. Let P be 
the node where the nodal force in the transverse fiber direction is to be modified. Let 
Fx, Fy be the two internal nodal force components of the failed elements in the x- and 
y- directions, respectively (Figure 2.5(a)). These two forces are resolved in the 1- 
and 2- directions and four components Fx1, Fx2 and Fy1, Fy2 can be obtained. 
 
(a) (b) 




































                                               (2-30) 
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where θ  is the angle between x- and 1-directions. Summing up the two components 
Fx2 and Fy2 in the transverse fiber direction, we obtain the net force in this direction 
(Figure 2.5(b)) 
 








                                              (2-32) 
 
Here N2 corresponds to fB in equation (2-29). In order to perform the nodal force 
modification scheme in finite element analysis, N
B
2 is resolved into two components 
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                                                                      (2-33) 
 
Instead of N2, Nx and Ny are used in equation (2-29) as the internal nodal forces of 
failed elements when performing the finite element analysis. 
 
If convergence is considered to be reached only if all of the residual nodal forces at 
the nodes of surrounding intact elements approach zero, a large number of iterations 
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for nodal force modification are probably needed in each failure step. In order to 
reduce the number of iterations, a combined convergence criterion is used which 
consists of an absolute criterion and a non-dimensionalized force (“2-norm”) 
criterion. The non-dimensionalized force criterion is actually a weighted criterion of 
external nodal force values at the current iteration and external nodal force values at 
the previous iteration, summed over all nodes of failed elements. The expressions 
for the absolute, non-dimensionalized force and combined convergence criteria are 
given as follows: 
(1) Absolute criterion 




tolRcurriNi <≤≤                                                                  (2-34) 
 
where  is the ith residual nodal force at the current iteration and N is total 
number of nodal forces that need to be modified. tol1 (expressed in Newton) is the 
tolerance for the net internal nodal forces of surrounding intact elements. 
curr
iR
(2) Non-dimensionalized force criterion 










ext <−                                                                  (2-35) 
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where and  are the sum of applied external nodal forces on the failed 
elements at the previous and current iteration, respectively. tol2 (expressed as a 





(3) Combined criterion 
Combining the above two convergence criteria together, i.e., if one of the two 
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ext <−  
 
 
2.2 Strain Invariant Failure Theory (SIFT) 
 
In order for the EFM to be implemented in a damage progression program, it has to 
be guided by a suitable failure theory. Here, a micromechanics-based failure theory 
named Strain Invariant Failure Theory (SIFT) is presented which was recently 
proposed by Gosse et al. [Gosse and Christensen, 2001; Gosse, 2002]. In this theory, 
matrix failure is determined by considering the criticality of three strain invariants. 
The first of the invariants is related to J1 (the first strain invariant), the second 
related to the von Mises strain with micromechanical amplification factors extracted 
in the matrix phase, and the third is also related to von Mises strain but with 
micromechanical amplification factors extracted within the fiber phase or at the 
fiber-matrix interface. These invariants have been “amplified” by thermo-
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mechanical amplification factors extracted from micromechanical finite element 
models. It is believed that the first strain invariant criterion is suited to interlaminar 
failure of composite structures which is dominated by dilatational strains. Using a 
simplified SIFT where only the first strain invariant is chosen, Li et al. [2002, 2003] 
successfully predicted the adhesive failure and failure loads for I-beams, T-cleats 
and curved beams. Tay et al. [2005a,b] used SIFT to predict the damage propagation 
and delamination in a composite laminate subjected to three-point bending and 




In most failure theories, a composite lamina is assumed homogeneous and the finite 
element homogenized lamina strains are used to predict damage onset. However, 
due to the different material properties between matrix and reinforcement fibers, the 
applied mechanical and thermal residual strain distributions are complicated 
throughout composite laminates. These failure theories do not account for either the 
mechanical amplification of strains caused by the differences in elastic constants 
between the fiber and matrix or thermal amplification of strains caused by the 
differences in coefficients of thermal expansion between the fiber and matrix. These 
deviations to the finite element homogenized lamina strain field can be significant. 
However, it would be tedious and virtually impossible to model every fiber in 
composites for large structures. Gosse et al. [Gosse and Christensen, 2001; Gosse, 
2002] suggested conducting a micromechanical modification of the homogenized 
lamina finite element solution.  
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In order to carry out the micromechanical modification of the homogenized lamina 
strains, micromechanical analyses need to be performed to extract the mechanical 
and thermal amplification factors. All of these factors are obtained through the use 
of representative micromechanical blocks, whereby individual fiber and matrix are 
modeled by three-dimensional finite elements. Three fiber packing patterns with a 
fiber volume fraction Vf of 60% are considered: square, hexagonal and diamond 
(Figure 2.6). The diamond packing pattern is in fact the same as the square one, but 
rotated through a 45o angle. These representative micromechanical blocks are given 
prescribed unit displacements in three cases of normal and three cases of shear 
deformations to obtain the mechanical amplification factors. For example, in order 
to obtain strain amplification factors for 11ε , a unit displacement is given in the fiber 
(or 1- ) direction for one of the faces normal to the fiber direction and other five 
faces are constrained. Figure 2.7 shows the prescribed normal and shear 
deformations for a representative micromechanical block with the square fiber 
packing pattern. The local micromechanical strains are extracted from some 
representative positions at the center of the model (Figure 2.8). The mechanical 
strain amplification factors are obtained by normalizing these local micromechanical 
strains with respect to the prescribed strain. The thermal amplification factors are 
obtained by constraining all the faces from expansion and performing a thermo- 
mechanical analysis by prescribing a unit temperature differential above the stress-
free temperature.  
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90o 60o
45o 
Figure 2.6 Fiber packing patterns: (a) Square (b) Hexagonal and (c) Diamond. 
(a) (b) (c) 
 
 
 Figure 2.7 Prescribed normal and shear deformations for the extraction of 
mechanical strain amplification factors.  
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Figure 2.8 Positions for extracting strain amplification factors within the micromechanical block 
models for (a) square (b) hexagonal and (c) diamond fiber packing patterns. 
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Twelve positions are chosen for the extraction of strain amplification factors within 
one representative micromechanical block (Figure 2.8). The points F1 through F8 
are located at the fiber-matrix interface, F9 is located at the center of the fiber, IF1 
and IF2 are inter-fiber positions, and IS corresponds to the interstitial position. For 
each position, 6 mechanical amplification factors and 6 thermal amplification factors 
can be obtained. Since there are 12 positions and 3 fiber packing patterns, the total 
number of amplification factors is 432(12×3×12). It is important to note that the 
micromechanical analyses for extraction of these strain amplification factors need 
only be performed once for a given matrix and fiber material system; the resulting 
amplification factors are stored in a look-up table or subroutine. The output of 
strains from a macro-FE analysis is efficiently amplified through this look-up 
subroutine before the strain invariant values are calculated and compared with the 
corresponding critical values. The amplification factors for carbon fiber–epoxy 
system used in all the analyses reported in this thesis were obtained from Gosse and 
Christensen [2001], and coded in a look-up subroutine. The matrix (977-3) material 
properties were: Em=3.31GPa, vm=0.35, while the fiber (IM7) was assigned 
transversely isotropic properties: Ef1=303GPa, Ef2=15.2GPa, Gf12=9.65GPa, 
Gf23=6.32GPa, and v12=0.2 and v23=0.2. The subscripts m and f refer to matrix and 
fiber, respectively; the subscript 1 indicates the axial fiber direction, the subscripts 2 
and 3 the transverse directions. These constituent material properties were obtained 
from Ha [2002] and Gosse and Christensen [2001]. 
 
The micromechanical modification of the homogenized lamina strains process can 
be described by the equation below: 
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{ } { } [ ] ( ){ }iimechanicalamplifiedi T TAεε Δ+=                                       (2-37) 
 
where 
{ }amplifiediε  is the amplified total strain vector at position i within the 
micromechanical block model. 
{ }mechanicalε  is the homogenized lamina mechanical strain vector obtained from the 
macroscopic finite element analysis of composite laminates. 
[A]i         is the column matrix of mechanical amplification factors at position i 
within the micromechanical block model. 
{T}i           is the column vector of thermal amplification factors at position i within 
the micromechanical block model. 
(ΔT)            is the temperature differential. 
 
The Strain Invariant Failure Theory (SIFT) proposed by Gosse et al. [Gosse and 
Christensen, 2001; Gosse, 2002] uses the first strain invariant to assess the critical 
dilatational behavior and the von Mises or equivalent strain for the critical 
distortional behavior of the matrix in composites. The first invariant is J1, defined by 
 
zyxJ εεε ++=1                                                                                (2-38) 
 
where xzyzxyzyx εεεεεε and , , , , ,  are the six components of the amplified strain 
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The first strain invariant J1 (Equation (2-38)) is calculated with strains amplified 
only at IF1, IF2 and IS positions within the matrix phase of the micromechanical 
block. It is generally believed that J1-driven failure is dominated by volumetric 
changes in the matrix material. On the other hand, the von Mises strain (Equation (2-
39)) is calculated with strains amplified not only within the matrix phase (IF1, IF2 
and IS), but also the fiber and fiber-matrix interface (F1 through F9). The 
superscript m is designated for the former case to denote “matrix” (i.e. ), and the 
superscript f for the latter case to denote “fiber” (i.e. ). Thus, there are totally 9 (3 





1, 9 (3 positions×3 fiber packing 
patterns) set of , and 27 (9 positions×3 fiber packing patterns) set of  for one 
element in the macroscopic finite element model. SIFT states that failure occurs 




1C,  and ): mvmCε fvmCε
 


















ε  (2-41) 
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The amplification factors used in this thesis are based on a carbon-fiber/epoxy 
IM7/977-3 system with a fiber volume fraction Vf of 60%. The critical strain 
invariants are obtained from Gosse [2002]. According to Gosse [2002], the critical 
values,  and  are obtained from coupon tests of several laminae with fiber 
orientations varying between  and  relative to the loading axis, and the third 








[ ns°−° 10/10 ]
 
When an element fails by either J1 or , “partial” failure consisting of 
predominantly matrix microcracks is assumed to have occurred. This corresponds to 
the state of damage depicted in Figure 2.1(b), where only nodal forces perpendicular 
to the fiber direction are modified. On the other hand, when an element fails by , 
it is necessary to determine first the location of the critical site within the 
micromechanical block model (Figure 2.8), where the critical value has been 
calculated. If the critical site is at any one of the eight locations at the fiber–matrix 
interface (i.e., F1 through F8), “partial” failure is also assumed (Figure 2.1(b)). The 
rationale for assigning partial failure despite  becoming critical in these locations 
is that local interfacial failure (or debonding) between fiber and matrix could have 
occurred. However, if the critical location is found within the fiber itself (F9 in 
Figure 2.8), then the element is assumed to have completely failed and the nodal 
forces both perpendicular and parallel to the fiber direction are zeroed. In all of the 
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occurred at the fiber–matrix interface (and not within the fiber), and so “partial” 
failure has invariably been used with SIFT. 
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Chapter 3 
Damage Prediction in Unidirectional and Cross-Ply Composite 
Laminates 
 
In this chapter, the element-failure method (EFM) and strain invariant failure theory 
(SIFT) are implemented in an in-house implicit code specially developed for 3D 
progressive failure analysis of composite laminates. The damage initiation and 
progression in two unidirectional and two cross-ply laminates under quasi-static 
tensile loading are predicted by this code to validate the SIFT-EFM approach. 
 
 
3.1 Implementation of the EFM and SIFT 
 
In view of the advantages of the EFM over other damage modeling techniques, an 
in-house code is used here instead of commercial finite element software such as 
ABAQUS or ANSYS. One main reason is that the EFM leaves the stiffness matrix 
of failed elements unchanged so that the global stiffness matrix only need to be 
formulated once throughout the computation, while reformulation and inversion of 
the global stiffness are required at each failure step for commercial finite element 
software.  
 
Written in FORTRAN language, the in-house code can perform progressive failure 
analysis for general 3D composite laminates: stress or strain analysis, damage 
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prediction and damage modeling. The flowchart of the code is illustrated in Figure 
3.1. The procedure consists of the following steps: 
 
     (1). Read in mesh information and material information.  
The mesh is generated using a commercial modeling software MSC/Patran. 
The mesh information is stored in an input file which includes nodal 
coordinates, element-node connectivity, boundary conditions, initial 
prescribed displacement u0 and prescribed displacement increment Δu. The 
material information includes user-specified material properties, laminate 
lay-up and temperature change between the cure or stress-free temperature 
and the use temperature. 
     (2). Assemble the global stiffness matrix. 
           The element stiffness matrix is constructed in global coordinate system and 
the global stiffness matrix of the composite laminate is assembled. 
     (3). Calculate the element strain. 
           The nodal displacements due to the prescribed displacement and appropriate 
external nodal forces are solved. Based on the nodal displacements, the strain 
components at each element centroid are calculated by averaging the strains 
at Gaussian points. 
     (4). Apply failure criterion SIFT. 
            The element strains are amplified by the mechanical and thermal 
amplification factors in a look-up subroutine. The micromechanically 
amplified strain invariants J1,  and  are determined and the elements 
with invariants that satisfy equation (2-41) are considered to have failed. If 
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increased by a small increment Δu and steps (3) and (4) are repeated until 
more elements fail. 
     (5). Apply the EFM. 
            The internal nodal forces of the failed elements are calculated and 
appropriate external nodal forces are applied at the nodes of the failed 
elements to reflect the loss of load-carrying capability. The updated 
displacements and internal nodal forces are recalculated until nodal force 
convergence (see equation (2-36)) is satisfied. 
     (6). Because of the strain redistribution after modifying the external nodal forces 
of failed elements, additional element failure may occur at the current 
prescribed displacement. Steps (3) to (6) are repeated at this prescribed 
displacement until no more elements fail. 
     (7). The prescribed displacement is increased by a small increment Δu and steps 
(3) to (7) are repeated until final failure or the desired number of failed 
elements is reached. 
 
The in-house code outputs the failed element numbers and failure modes. The 
postprocessing is done by Matlab to plot the damage progression pattern. 
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Apply external nodal forces at nodes 
of failed elements 
Solve for new FE solution and 
calculate new internal nodal forces 
of failed elements 
Continue for further 
iterations 
Converged? 
Element failure    




Apply failure criterion (SIFT) 
No 
Increase prescribed 
displacement by a 
small increment 
Yes
Figure 3.1 Flowchart of the in-house finite element code implementing the EFM and SIFT.
Proceed to fail more 
elements until final 
failure or the desired 
number of failed 
elements is reached 
Calculate the element strain 
Assemble the global stiffness matrix
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3.2 Damage Prediction in Unidirectional Laminates 
he in-house code is first used to predict the damage initiation and progression in 
 
T
two unidirectional ([9014] and [014]) open-hole composite laminates. The material 
properties of the IM7/977-3 carbon-epoxy composite used in the analyses are 
obtained from Gosse [private communication] (Table 3.1). Due to the symmetric 
lay-up, only one half of each laminate is modeled (Figure 3.2). The dimension of the 
model is 36mm×36mm×0.875mm (length×width× thickness) and the radius of 
the central hole is 6mm. An incremental prescribed displacement in tension is 
applied to one edge of the model and the other edge is constrained. The prescribed 
displacement increment is 0.005mm. Each ply is modeled as one layer of 20-noded 
brick elements, and there are 504 elements in one ply and 3528 elements in the 
whole model. The elements are successively failed one group at a time and only the 
elements that reach the critical strain invariants are failed in each step. The elements 
are assumed to have failed by matrix cracking first. Therefore, the nodal forces in 
transverse direction are modified. In the two unidirectional laminate models 
described in this chapter, it is assumed that the fibers can still sustain loading for the 
failed elements with matrix cracking so that the nodal forces in longitudinal 
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Table 3.1 Material properties of the carbon-epoxy composite used in FE model [Gosse, private 
communication]. 
Modulus in fiber direction E1 (GPa) 161.3 
 
Transverse moduli E2= E3 (GPa) 8.3 
Shear moduli G12=G13 (GPa) 5.16 
Shear modulus G23 (GPa) 3.38 
Poisson’s ratios 
1312 νν =  0.33 
Poisson’s ratio 
23ν  0.4 
Coefficient of therm oC) ×10-6al expansion in fiber direction 1α (/ 0.01
 (/oC) Coefficients of thermal expansion in transverse dire ions ct =
2α 32.7×10-63α
Temperature difference -155 oC 
Critical invariant 
CJ1  0.0274 
Critical invariant mvmCε  0.103 
Critical invariant  fvmCε 0.0182 
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Figure 3.3 shows the damage propagation for the unidirectional [9014] laminate. 
Since damage patterns for all of the 7 plies in the model are identical, only that for 
the outermost ply is plotted. In order to differentiate elements failed by different 
criteria, three colors are used to represent the failed elements (red for J1, black 
for , and blue for ). It is found that the damage emanated from the edge of the 
hole, which is the direct consequence of the high stress concentration at that location. 
After the initial damage, the transverse crack propagates horizontally across the 
width of the specimen, rapidly leading to ultimate failure because no fibers are 
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Figure 3.4 shows the damage propagation for the outermost ply of the unidirectional 
[014] laminate. The damage starts from the edge of the hole due to stress 
concentration but interestingly, propagates vertically along the fiber direction. This 
damage progression mode is consistent with experimental observation of 
longitudinal splitting between fibers in 0o plies [Iarve et al., 2005]. Unlike the 
laminate [9014] in which the damage is governed by J1, this laminate exhibits  
dominated failure. These phenomena can be explained by the high local shear 










(b) 12 elements failed 
 
Figure 3.3 Damage propagation for unidirectional [9014] laminate. 
(c) 24 elements failed (d) 36 elements failed 
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(b) 20 elements failed 
 
Figure 3.4 Damage propagation for unidirectional [014] laminate. 
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High local shear deformation 
Figure 3.5 Centre-hole 0o ply with stress relieved fibers (in red). 
Prescribed displacement
Stress-relieved fiber (red) 




3.3 Damage Prediction in Cross-Ply Laminates 
 
The same analysis is also performed for two open-hole cross-ply composite 
laminates subjected to in-plane tension, with stacking sequence [04/903]s and 
[03/904]s. Each laminate is made of 14 plies of IM7/977-3 carbon-epoxy composite 
with ply thickness of 0.125 mm. The laminates have a length of 36.0 mm and a 
width of 36.0 mm, and the diameter of the central hole is 6.0 mm. The laminates are 
loaded in tension in the 0o direction. The finite element mesh and boundary 
conditions are the same as those shown in Figure 3.2. Each ply of the laminates is 
modeled as one layer of 20-noded brick elements and there are 504 elements in each 
ply and 3528 elements in the whole model. Again, only the external nodal forces in 
the transverse direction are modified for the failed elements. 
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The damage propagations for the two cross-ply laminates are plotted in Figures 3.6 
and 3.7. Figures 3.6(a) and 3.7(a) show the development of damage emanating from 
the edge of the hole in the innermost 90  ply of the two laminates. The dominant 
strain invariant which governed the element failure of this ply is 
o
J1. The pattern 
indicates that the damage in the laminate with thinner group of 90o plies ([04/903]s) 
is predominantly due to two large transverse cracks which are accompanied with 
some other minor transverse matrix cracks (Figure 3.6(a)); while in  the laminate 
with thicker group of 90o plies ([03/904]s), only two large transverse cracks 
contribute to the damage (Figure 3.7(a)). This difference is due to the level of 
constraint experienced by the 90o plies in the two laminates. The thicker the group 
of 90o plies compared with the 0o plies, the closer the damage pattern to that of the 
unidirectional 90o laminate. Figures 3.6(b) and 3.7(b) show the damage propagation 
in the outermost 0o ply of the two laminates. Damage in the 0o plies appeared at a 
much higher load than that in the 90o plies. In both laminates, the damage is 
governed by . Figure 3.8 shows the damage at the surface 0fvmε o ply of a cross-ply 
[03/904]s laminate under tension load in the vertical direction. Two typical 
longitudinal cracks along 0o direction can be seen. Besides these, two transverse 
cracks can also be observed, which are induced by fiber breakage. Theoretically the 
transverse crack to the right of the hole should start from the hole edge because of 
the stress concentration. It appears to be starting from the hole edge probably due to 
the flaws of fibers in the surface ply. It can be seen from Figure 3.7 that the typical 
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Figure 3.6 Damage propagation for cross-ply [04/903]s laminate. 








Figure 3.7 Damage propagation for cross-ply [03/904]s laminate. 
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Figure 3.8 Damage at the surface 0o ply of a cross-ply [03/904]s laminate under tension 







The SIFT-EFM approach has been implemented in an in-house code to model the 
damage propagation in unidirectional and cross-ply composite laminates under 
open-hole tension. Simulation results show large transverse cracks for the 
unidirectional 90o laminate and longitudinal splitting for the unidirectional 0o 
laminate. This is expected because in the unidirectional 90o laminate no fibers stop 
the crack propagation emanating from the hole edge, and in the unidirectional 0o 
laminate the high local shear deformation between the stress-relieved fibers and 
strained fibers induces the longitudinal splitting. Simulation results for the cross-ply 
laminates show large transverse cracks in the 90o plies and the damage is more 
distributed in the laminate with thinner 90 o plies. Typical longitudinal cracks can be 
seen in the surface ply of simulated laminates and a tested specimen. The reasonable 
correlation between the simulation result and documented experimental observation 
is encouraging. 
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Chapter 4 
Damage Prediction in Quasi-Isotropic Composite Laminates 
 
In this chapter, the element-failure method (EFM) and strain invariant failure theory 
(SIFT) in conjunction with the fiber ultimate failure criterion are used to predict the 
damage propagations and failure strengths of quasi-isotropic composite laminates. 
Mesh dependency and stacking sequence effects are investigated based on the 
simulation results of two quasi-isotropic composite laminates with different lay-ups. 
 
 
4.1 Modeling Strategy 
 
4.1.1 Final Failure Criterion 
 
In Chapter 3, the strain invariant failure theory (SIFT) and element-failure method 
(EFM) are used to predict the damage propagation in unidirectional and cross-ply 
composite laminates under open-hole tension. The simulation gives very reasonable 
initial damage patterns by assuming that the failed elements can not sustain any 
tensile loading in the transverse fiber direction due to matrix microcracks or fiber-
matrix microdebonds and that the force-carrying capacity is not affected in the fiber 
direction. It is conceivable, however, that an undamaged or already partially failed 
element (with mainly matrix microcracks or fiber-matrix microdebonds), at some 
point in the load history, may fail completely by local fiber rupture. It is therefore 
necessary to develop a criterion to determine when one element may become 
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completely failed.   A very simple criterion is to use the ultimate failure strain of 
carbon fibers  . If the longitudinal strain of an element is greater than the fiber 
ultimate tensile failure strain, then this element is deemed to be completely failed 
and loses its load-bearing capability in both longitudinal and transverse directions. 
The rationale is that when extensive matrix microcracks or fiber-matrix 
microdebonds have already occurred, the fibers, while still able to carry some 
loading, are no longer as constrained locally by the surrounding matrix material as 
before. A value of 1.9% for the ultimate failure strain of IM7 fiber is reported by 
Kollar and Springer [2003]. In the subsequent analyses of open-hole tension 
composite laminates, a fiber ultimate failure strain of 1.9% is used for 






Final failure analysis of composite laminates has been a very active area of research 
for a few decades due to its practical importance. Reliable ultimate failure load 
prediction is one of the prime goals of ongoing research worldwide. In this chapter, 
the fiber-direction failure of finite elements is taken into account and the study is 
extended to the final failure of laminated composites.  
 
4.1.2 Delamination Criterion 
 
Besides matrix cracking and fiber rupture, delamination is another major failure 
mode of fibrous composite materials. Initiation and propagation of delamination is 
often a precursor to ultimate failure in laminated composite structures. Knowledge 
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of delamination and ability to model this aspect of failure therefore deserve 
particular attention. 
 





















ττσ                                                          (4-1) 
 
where ,  and 33σ 13τ 23τ  are the out-of-plane stress components. Z is the interlaminar 
normal strength either in tension or compression depending on the sign of 33σ ; and 
S13 and S23 are the interlaminar shear strengths. Considering that compressive 
normal stresses do not affect delamination onset, a modified quadratic delamination 





















ττσ   (for >0)                                                     (4-2) 33σ
 
where ZT is the tensile interlaminar normal strength. That is, the delamination is 
allowed to occur only if the element is under tension in the through-thickness 
direction. This criterion has been successfully used to predict the onset of 
delamiantion in some investigations [Mohammadi et al., 1998; Camanho and 
Matthews, 1999; Hou et al., 2000; Camanho et al., 2003] 
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In order to determine when and where delamination occurs, a similar strain-based 
delamination criterion is proposed in this project. In a composite laminate, each ply 
can be modeled by several layers of three-dimensional elements. Delamination is 
assumed to occur if the strains of an element next to the interface between plies 


























ε 033 >ε  (for )                                     (4-3) 
 
, , and where 33ε 13γ 23γ  are the out-of-plane strain components. Because of the 
difficulty of determining the individual critical values of , , and 33ε 13γ 23γ , it is 
assumed that . Therefore, Equation (4-3) can be rearranged in 




( ) ( ) ( ) delamC≥++ 223213233 γγε 033 >ε  (for )                                     (4-4) 
 
A wide range of  values ( = 0.1, 0.3, 0.5, 0.8, 1.0) have been used in the 
subsequent analyses of open-hole tension composite laminates and the results are 
compared with experimental data. Subsequently, a value of  is chosen 
because the delamination size and pattern predicted by this value fit better with the 
experimental data than those predicted by other values (see Appendix). If 
delamination occurs in an element, nodal force modification is performed in the out-
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4.2 Problem Description 
 
Damage propagation in two quasi-isotropic (QI) composite laminates under open-
hole tension, with stacking sequences [±45/90/0]  and [45/0/-45/90]s s are studied. 
Material properties of the composite system are the same as those listed in Table 3.1. 
Figure 4.1 shows the geometry and boundary conditions of the laminates. Each 
laminate has a length of 76.2 mm and a width of 76.2 mm, and the diameter of the 
central hole is 12.7 mm. Each ply has a thickness of 0.125 mm and is modeled by 3 
layers of solid elements so that the interlaminar stresses can be adequately modeled. 
In order to investigate the mesh dependency, two different finite element meshes are 
used for each laminate, one with 168 elements and the other with 400 elements in 
each layer (Figure 4.2.). 
 

















Chapter 4:                                             Damage Prediction in Quasi-Isotropic Composite Laminates 
Figure 4.2 FE Meshes of QI laminates under open-hole tension. 




4.3 Results and Discussion 
 
4.3.1 Damage in [±45/90/0]  OHT Laminate s
 
Figures 4.3-4.5 show the damage maps for the coarse and fine meshes of [±45/90/0]s 
laminate with prescribed nominal strain ( nominalε ) equal to 5.25×10-3 -3, 6.56×10  and 
7.87×10-3, respectively. The prescribed nominal strain is obtained by dividing the 
prescribed tensile displacement by the laminate length. Figures 4.6-4.7 show the 
damage maps just before ( nominalε  = 1.13×10-2 for the coarse mesh model and 
nominalε  = 9.97×10-3 for the fine mesh model) and after ( nominalε  = 1.14×10-2 for the 
coarse mesh model and nominalε  = 1.00×10-2 for the fine mesh model) the 
occurrence of first fiber rupture, respectively. The first fiber rupture triggers the first 
major load drop in the stress-displacement curves (Figure 4.11). Although there are 
 82
Chapter 4:                                             Damage Prediction in Quasi-Isotropic Composite Laminates 
3 layers of elements for each ply, only the middle layer is plotted to represent the 
damage in the ply. Two images are given for each ply. The left one shows damage 
predicted by the coarse mesh model and the right one by the fine mesh model. It 
should be noted that the top row of elements, whose nodes are given prescribed 
displacements, are not allowed to fail. This is necessary in order to obtain the correct 
reaction force at the top boundary. It can be seen that both the coarse and fine 
meshes give essentially similar damage patterns for every ply at every stage. For 
both models, the damage is initiated by matrix cracking at the hole boundary of the 
90o ply. As the prescribed displacement increases, the damage propagates into the 
laminate. The damage in the 45o, -45o and 0o plies is confined to the local areas near 
the hole boundary, but the damage in the 90o ply extends to the free edges of the 
laminate. When the first fiber rupture occurs, most elements in the 90o ply have 
failed by critical J1. The interesting pattern suggests a distributed system of parallel 
transverse cracks all over the ply. This is in contrast to the single dominant 
transverse crack found in the 90o ply of the [0 /90 ]3 4 s laminate described in Chapter 3 
(Figure 3.7). Clearly, this difference is due to the level of constraint experienced by 
the 90o ply in the two laminates. The damage in the 45o and -45o plies is dominated 
by J1, although several elements fail by or . The first fiber rupture occurs at 
the hole edge of the 0
m
vmε fvmε
o ply, in which the damage area is very small compared with 
those of other plies and the damage is dominated by in this ply. The fiber rupture 
appears very late which suggests a plausible scenario whereby very localized fiber 





Chapter 4:                                             Damage Prediction in Quasi-Isotropic Composite Laminates 









(b). -45o ply  
(c). 90o ply  
(d). 0o ply 
 
Figure 4.3 Damage maps of [±45/90/0]s laminate ( nominalε = 5.25×10-3). 
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(b). -45o ply  
 (c). 90
o ply 
(d). 0o ply 
Figure 4.4 Damage maps of [±45/90/0]s laminate ( nominalε = 6.56×10-3). 
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(d). 0o ply 
Figure 4.5 Damage maps of [±45/90/0]s laminate ( nominalε  = 7.87×10-3). 
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(b). -45o ply  
 
 
(c). 90o ply 
(d). 0o ply 
Figure 4.6 Damage maps of [±45/90/0]s laminate just before the first major load drop 
( nominalε  = 1.13×10-2 for the coarse mesh model and nominalε  = 9.97×10-3 for the fine 
mesh model). 
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(b). -45o ply  
(c). 90o ply  
(d). 0o ply 
Figure 4.7 Damage maps of [±45/90/0]s laminate just after the first major load drop 
( nominalε  = 1.14×10-2 for the coarse mesh model and nominalε  = 1.00×10-2 for the fine 
mesh model).  
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Delaminations for every interface of the laminate just after the first major load drop 
 = 1.14×10-2 for the coarse mesh model and ( nominalε nominalε  = 1.00×10-2 for the 
fine mesh model) are shown in Figur
using . Since there are two layers of elements next to one interface 
betw ed to 
represent the delamination for th e seen that the predicted 
delaminations are confined to a region close to the open hole and no significant 
discrepancies are observed between the results predicted by the coarse and fine 
meshes. 
 
Experiments have been conducted by Kim and Sihn [2004] for the same QI open-
hole tension composite laminate. Although each failed element may contain 
hundreds if not thousands of micro-cracks, for convenience and ease of comparison 
with the typical X-ray radiograph of the damaged specimen, it is decided to depict 
the dominant matrix cracks for each failed element schematically, such as shown in 
Figure 4.9, just after the first major load drop. The represented maps of microcracks 
for each ply and delamination for each interface are combined into a single 
composite map. This enables easier visual comparison with the X-ray image of the 
specimen as shown in Figure 4.10. Generally, most of the features of damage are 
replicated reasonably well by the simulation. It can be seen that both the location 
and extension of the simulated matrix cracking for each ply agree well with the 
experimental observation, including the extensive distributed transverse cracks in 
e 4.8. The delamination is predicted by 
5.0=delamC
een two plies, the delamination patterns in these two layers are superimpos
is interface. It can b
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the 90o ply and the localized cracks in other plies. The location and size of 







(c). 90o/ 0o interface 
Figure 4.8 Delamination in [±45/90/0] laminate ( 5.0
delamination
(a). 45o/ -45o interface 
(b). -45o/ 90o interface 
=
 
s delamC ). 
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Finally, the stress-strain traces for the [±45/90/0]s laminate are shown in Figure 4.11. 
The stress is actually a nominal stress calculated by dividing the reaction force by
the area of the top surface under prescribed displacements. The ultimate failure (UF) 
result determined experimentally by Kim and Sihn [2004] is shown in Table 4.1. If 
the stress at which the first major load drop (triggered by the first fiber rupture) 
(a). Coarse mesh (b). Fine mesh 
Figure 4.10 X-ray images of damage and delamination of [±45/90/0]s 
laminate [Kim and Sihn, 2004]. 
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occurs is taken as the ultimate strength, the predicted UF is 635.1MPa for the coarse 
mesh of the [±45/90/0]s laminate. This compares favorably with the experimental 
result of 556.4MPa [Kim and Sihn, 2004]. The UF predicted using the fine mesh is 
561.3MPa, which is even closer to the experimental result (0.9% above experiment). 
During the loading process for a specimen, there is usually a sudden loss of the load-
carrying capability of the laminate due to fiber rupture. It is reasonable to take the 
load corresponding to the first major load drop triggered by fiber rupture as the 
ultimate strength of the laminate. If the highest load in the stress-strain curve is 
taken as the ultimate strength, the predicted UF is much higher than the 
experimental result for both the coarse and fine meshes of the laminate (Table 4.1). 
In the following analyses, the stress corresponding to the first major load drop is 
deemed as the ultimate strength of a laminate. 
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Table 4.1 Predicted and experimental ultimate failure loads of [±45/90/0]s laminate. 
Mesh First major load drop (prediction) 
Highest load  
(prediction) 
Ultimate failure 
(experiment [Kim and 
Sihn, 2004]) 
Coarse 635.1MPa (14.1% above experiment)
695.9MPa 
(25.1% above experiment)






4.3.2 Damage in [45/0/-45/90]s OHT Laminate 
 
It is well known that in situ ply strengths in a laminate can differ significantly from 
b 
t 
etermine its effectiveness in arresting such a crack. Therefore, laminates with the 
the measured ply properties data, because of the adjacent ply constraint [Stinchcom
et al., 1981; Herakovich, 1981; Talreja, 1985; Chang and Lessard, 1991]. Generally, 
interlaminar normal and interlaminar shear stresses are greatly influenced by 
adjacent plies. The adjacent ply constraint influences stresses in the inner regions of 
a laminate as well as at the free edge [Pagano and Pipes, 1971; Pipes et al., 1973; 
Daniel et al., 1974; Lagace, 1986; Chang and Chen, 1987]. Physically, the inheren
weakening effects could be attributed to the following: as a crack propagates in a ply, 
it can be arrested by an adjacent ply. The ply angle of that adjacent ply will 
d
same plies but different stacking sequences may have different damage patterns and 
ultimate strengths. This is referred to as the stacking sequence effect. In this part, the 
stacking sequence effect is investigated by comparing the damage propagation and 
ultimate strength of [45/0/-45/90]  laminate with those of [±45/90/0]s s laminate. 
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Figures 4.12-4.13 show the damage maps for the coarse and fine meshes of [45/0/-
45/90]s laminate with the prescribed nominal strain ( nominalε ) equal to 5.25×10-3 and 
6.56×10-3, respectively. Figures 4.14-4.15 show the damage maps just before 
( nominalε  = 8.40×10-3 -3 for the coarse mesh model and nominalε  = 7.61×10  for the 
fine mesh model) and after ( -3nominalε  = 8.46×10  for the coarse mesh model and 
nominalε  = 7.68×10  for the fine mesh model) the oc t fiber rupture, 
respectively. The first fiber rupture triggers the first major load drop in the stress-
displacement curves (Figure 4.19). Again, only the middle layer of each ply is 
plotted to represent the ply damage. Two images are given for each ply. The left one 
shows damage predicted by the coarse mesh model and the right one by the fine 
mesh model. Both models give essentially similar damage patterns for every ply at 
every stage, with the exception of the early matrix cracking in the 0o ply for the fine 
mesh. This is possible because for large elements in coarse mesh, there may not be 
sufficient stress concentration to produce damage. The damage is initiated by matrix 
cracking at the hole boundary of the 90o ply. As the prescribed displacement 
increases, the damage propagates into the laminate. The damage in the 45o, -45o and 
0o plies is confined to the local areas near the hole boundary, but the damage in the 
90o ply extends to the free edges of the laminate. When the first fiber rupture occurs, 
most elements in the 90o ply have failed by critical J1. The damage in the 45o and  
-45o plies is dominated by J1, although some elements fail by or . The first 
fiber rupture occurs at the hole edge of the 0o ply, in which the dama inated 
by .  
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Although the dominated element failure (J , ε orε ) in each ply are the same for 
[45/0/-45/90]  and [±45/90/0]  laminates, the damage occurrenc age 
patterns are quit or these two Q . For examp ge in 
t pl pr 10-3 for [45/0/-45/90]s 
la e, w inal prescribed strain of 2.89×10-3 for [±45/90/0]s 
minate. When the nominal prescribed strain is 5.25×10-3, matrix cracking is 
lready present in the 45o and -45o plies of [45/0/-45/90]s laminate (Figure 4.12), but 
 At the stage just after the first 
ajor load drop, obvious different damage patterns can be observed for the 0o ply of 
1 vm vm
m f
e time and dams s
e different f I laminates le, the dama
he 90o y occurs at a nominal escribed strain of 2.69×
minat hile it a  nom occurs at 
la
a
not in those of [±45/90/0]  laminate (Figure 4.3).s
m
the two laminates (Figures 4.7 and 4.15). A similar observation also applies to the 



















(d). 90o ply 
Figure 4.12 Damage maps of [45/0/-45/90]s laminate ( nominalε = 5.25×10-3). 
(b). 0o ply 















(c). -45o ply 
 
(d). 90o ply 
Figure 4.13 Damage maps of [45/0/-45/90]s laminate ( nominalε = 6.56×10-3). 
(b). 0o ply 
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(b). 0o ply  
(c). -45o ply  
(d). 90o ply 
Figure 4.14 Damage maps of [45/0/-45/90]s laminate just before the first major load drop 
( nominalε  = 8.40×10-3 for the coarse mesh model and nominalε  = 7.61×10-3 for the fine 
mesh model).  
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(d). 90o ply 
(b). 0o ply 
Figure 4.15 Damage maps of [45/0/-45/90]s laminate just after the first major load drop 
( nominalε  = 8.46×10-3 for the coarse mesh model and nominalε  = 7.68×10-3 for the fine 
mesh model). 
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Delaminations for every interface of the laminate just after the first major load drop 
 = 8.46×10-3 for the coarse mesh model and ( nominalε nominalε  = 7.68×10-3 for the 
fine mesh model) are shown in Figure 4.16. The predicted delamination areas are 
very small for both models and the delaminations are confined to the local regions 
close to the open hole. 
 
In order to compare the simulation results with the experimental observation, an 
alternative representation of the damage maps just after the first major load drop is 
shown in Figure 4.17. The represented maps of microcracks for each ply and 
delamination for each interface are combined into a single composite map, which is 
compared with the X-ray image of the specimen [Kim and Sihn, 2004] as shown in 
Figure 4.18. Generally, most of the features of damage are replicated reasonably 
well by the simulation, with the exception of the delamination size. Both the 
location and extension of the simulated matrix cracking for each ply agree well with 
the experimental observation, including the extensive distributed transverse cracks 
in the 90o ply and the localized cracks in other plies. The delamination size is not 
accurately predicted probably due to the assumption that delamination can only 











(c). -45o/90o interface 
Figure 4.16 Delamination in [45/0/-45/90]s laminate ( 5.0=delamC ). 
(b). 0o/-45o interface 
(a). 45o/0o interface 
delamination 
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Finally, the stress-strain traces for the [45/0/-45/90]s laminate are shown in Figure 
4.19. The ultimate failure (UF) result determined experimentally by Kim and Sihn 
[2004] is shown in Table 4.2. If the stress at which the first major load drop 
(triggered by the first fiber rupture) occurs is taken as the ultimate strength, the 
predicted UF is 480.7MPa for the coarse mesh model. This compares with the 
experimental result of 413.7MPa. The UF predicted using the fine mesh model is 
Figure 4.17 Matrix cracks and delamination representation for [45/0/-45/90]s laminate.
(a). Coarse mesh (b). Fine mesh 
Figure 4.18 X-ray images of damage and delamination of [45/0/-45/90]s 
laminate [Kim and Sihn, 2004]. 
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437.4MPa, which is closer to the experimental result (5.7% above experiment). If 
the highest load in the stress-strain curve is taken as the ultimate strength, the 
predicted UF is much higher than the experimental result for both the coarse and 
fine meshes of the laminate (Table 4.2). It can be seen from Tables 4.1 and 4.2 that 
the trend of the higher ultimate strength of the [±45/90/0]s laminate is correctly 
predicted by the analysis. The large difference between ultimate strengths of these 





Figure 4.19 Stress-strain curves of [45/0/-45/90]s laminate. 
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Table 4.2 Predicted and experimental ultimate failure loads of [45/0/-45/90]s laminate. 
Mesh First major load drop Highest load  (prediction) (prediction) 
Ultimate failure 
(experiment [Kim and 
Sihn, 2004]) 
Coarse 480.7MPa (16.2% above experiment)
709.4MPa 
(71.5% above experiment)








Mesh dependency and stacking sequence effect of open-hole tension (OHT) 
composite laminates are investigated in this chapter by studying the progressive 
failure of two quasi-isotropic (QI) laminates with lay-ups [±45/90/0]s and [45/0/-
45/90]s using the SIFT-EFM approach. In addition to matrix cracking, fiber rupture 
and delamination are also taken into account in the progressive failure analyses. It is 
assumed that an element with fiber rupture is completely failed and loses its load-
bearing capability in both longitudinal and transverse directions, and that an element 
with delamination can not sustain any load in the out-of-plane direction. It is found
that for this problem, the predicted damage patterns are not affected by mesh 
dependency, provided the mesh is reasonably fine. The simulation results are 
compared with the experimental observation from Kim and Sihn [2004] and most of 
the features of damage including the location and extension of matrix cracking are 
replicated, with the exception of the delamination size for one of the laminate 
([45/0/-45/90]s). The delamination size is not accurately predicted probably due to 
the assumption that delamination can only occur in elements that have failed by 
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as the laminate’s failure strength, the ultimate strengths of the two QI laminates are 
also accurately predicted. The damage occurrence time, damage patterns and 
ultimate strength are quite different for the two laminates, which suggests a 
significant stacking sequence effect. 
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The behavior of fibrous composite laminates with notches is of great interest in 
design because of the resulting strength reduction and life reduction due to the 
damage growth around these notches. It has been recognized that composite 
laminates loaded in tension exhibit notch sensitivity, and this can be an important 
factor in determining allowable design strengths. Considerable research has been 
undertaken on this subject [Daniel, 1978; Daniel, 1978; Awerbuch and Madhukar, 
1985; Chang and Chang, 1987a; Chang and Chang, 1987b]. The development of 
damage is crucial to the behavior of notched composites, and leads to the well-
known hole-size effect, whereby smaller notches have less effect on tensile strength 
than larger ones.  
 
In this chapter, progressive failure analyses are performed for uniaxially loaded 
composite laminates with open holes of various diameters using the method 
introduced in Chapter 4, i.e., the element-failure method (EFM) and strain invariant 
failure theory (SIFT) in conjunction with the fiber ultimate failure strain. The 
predicted laminate strengths are compared with experimental data from Sihn [private 
communication] and Daniel [1978], and the hole-size effect is investigated. 
 
 
5.1 Comparison with Sihn [Private Communication]’s Experimental 
Data 
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5.1.1 Description of Specimens 
 
Sihn [private communication] has conducted experiments on three quasi-isotropic 
composite laminates under open-hole tension (OHT), with a stacking sequence 
[45/0/-45/90]s. The laminates are made of IM7/5250-4 composite system, the 
material properties of which are given in Table 5.1. Dimensions and hole sizes of the 
specimens are presented in Table 5.2. For all of the laminates, the ply thickness is 
0.125mm. 
 
Table 5.1 Material properties of IM7/5250-4 composite [Sihn, private communication]. 
Modulus in fiber direction E1 (GPa) 172.4 
Transverse moduli E2= E3 (GPa) 10.3 
Shear moduli G12=G13 (GPa) 5.52 
Shear modulus G23 (GPa) 3.45 
Poisson’s ratios 
1312 νν =  0.32 
Poisson’s ratio 
23ν  0.4 
Coefficient of thermal expansion in fiber direction 
1α (/oC) -0.36×10-6
Coefficients of thermal expansion in transverse directions 
2α = 3α  (/oC) 24.7×10-6
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Table 5.2 Dimensions and hole sizes of [45/0/-45/90]s composite laminates [Sihn, private 
communication] under open-hole tension. 
 
Laminate 1 2 3 
Width of specimen W (mm) 38.1 76.2 76.2 
Hole diameter D (mm) 6.35 12.7 19.05 
 
 
5.1.2 Finite Element Analysis 
 
Finite element models are created based on the experimental specimens. Because of 
the symmetric lay-up, only one half of each laminate is modeled. The boundary 
conditions are the same as those shown in Figure 4.1. Figure 5.1 shows the meshes 
for the three composite laminates. 20-noded brick elements are used and each ply is 
modeled by three layers of elements. There are 400 elements in each layer and 
therefore 4800 elements in total for each model. 
 
Figure 5.1 FE Meshes for [45/0/-45/90]s laminates under open-hole tension. 
(a). Mesh for laminates 1 and 2 (b). Mesh for laminate 3 
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The critical SIFT values and micromechanical amplification factors for IM7/5250-4 
composite system are unknown. Since the material properties of IM7/5250-4 (Table 
5.1) are very close to those of IM7/977-3 (Table 3.1), the same critical SIFT values 
and micromechanical amplification factors as those for IM7/977-3 composite system 
are used in this analysis.  
 
Damage patterns in terms of matrix cracking, fiber failure and delamination for 
laminates 1-3 at the failure loads (just after the first major load drop) are illustrated 
in Figures 5.2-5.7. Simulation results show that for every laminate, damage is 
initiated by matrix cracking on the hole boundary of the 90o ply. As the prescribed 
displacement is increased, damage starts to propagate in the 45o, -45o plies and 
finally in the 0o ply. The damage in the 45o, -45o and 0o plies is confined to the local 
areas near the hole boundary, but the damage in the 90o ply extends to the free edge 
of the laminate.  
 
Laminates 1 and 2 have different dimensions but the same ratios of width to hole 
diameter (W/D). Damage patterns for these two laminates are quite similar (Figures 
5.2 and 5.4). Almost all of the elements in the 90o plies have failed by critical J1 
(Figures 5.2(d) and 5.4(d)), which implies extensive parallel transverse cracks have 
occurred all over the ply. The damage in the 45o and -45o plies is also dominated by 
J1, although some elements might fail by or (Figures 5.2(a), (c) and 5.4(a), 
(c)). The first fiber rupture occurs at the hole edge of the 0
m
vmε fvmε
o plies, in which a very 
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Laminates 2 and 3 have the same widths but different hole diameters. Damage 
patterns in the 45o, 0o and -45o plies of laminate 3 (Figures 5.6(a-c)) are quite similar 
to those of laminate 2 (Figures 5.4(a-c)), but the damage patterns in the 90o plies of 
these two laminates are different. There is no damage above and below the open 
hole up to the laminate edges in the 90o ply of laminate 3 (Figure 5.6(d)).  However, 
element failure occurs in the areas away from the top and bottom boundaries of the 
open hole in the 90o ply of laminate 2 (Figure 5.4(d)). This difference suggests the 
hole-size effect of OHT composite laminates. 
 
It can be seen from Figures 5.3, 5.5 and 5.7 that the predicted delamination areas are 
very small for the three laminates and the delaminations are confined to the local 
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(d). 90o ply 
Figure 5.2 Damage maps of laminate 1 just after the first major load drop 
( nominalε = 8.39×10-3). 
(b). 0o ply 
(c). -45o ply 
 
 
(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure 5.3 Delamination in laminate 1 just after the first major load drop 
( nominal = 8.39×10
-3). 
(b). 0o/-45o interface 
ε
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(d). 90o ply 
Figure 5.4 Damage maps of laminate 2 just after the first major load drop 
( nominalε = 7.61×10-3). 
(b). 0o ply 
(c). -45o ply 
 
 
(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure 5.5 Delamination in laminate 2 just after the first major load drop 
( nominal = 7.61×10
-3). 
(b). 0o/-45o interface 
ε
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(d). 90o ply 
Figure 5.6 Damage maps of laminate 3 just after the first major load drop 
( nominalε = 7.22×10-3). 
(b). 0o ply 
(c). -45o ply 
 
 
(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure 5.7 Delamination in laminate 3 just after the first major load drop 
( nominal = 7.22×10
-3). 
(b). 0o/-45o interface 
ε
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The predicted ultimate failure loads of the three laminates, presented in Table 5.3 
and Figure 5.8, are in good agreement with the experimental data [Sihn, private 
communication]. It is observed by comparing the ultimate failure loads of laminates 
2 and 3, that the laminate with a smaller notch has higher tensile strength than that 
with a larger notch. 
 
Table 5.3 Predicted and experimental ultimate failure loads of [45/0/-45/90]s composite 
laminates under open-hole tension. 
 
Laminate 1 2 3 
Ultimate failure (experiment, 
Sihn [private communication]) 
488.3MPa 458.7MPa 397.1MPa 





Laminate 1 Laminate 2
Laminate 3
Figure 5.8 Predicted and experimental ultimate failure loads of [45/0/-45/90]s 
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5.2 Comparison with Daniel [1978]’s Experimental Data 
 
5.2.1 Description of Specimens 
 
Daniel [1978] has studied experimentally and analytically the failure of [0/±45/90]s 
composite laminates with circular holes and horizontal cracks of various sizes under 
uniaxial tensile loading. The laminates are made of T300/SP286 graphite/epoxy 
system, the material properties of which are given in Table 5.4. In this section, 
failure analyses of specimens with open holes are performed and the influence of 
hole size on failure is studied. Dimensions and hole sizes of the specimens are 
presented in Table 5.5. For all of the laminates, each ply is 0.127mm thick. 
 
Table 5.4 Material properties of T300/SP286 graphite/epoxy composite [Daniel, 1978]. 
Modulus in fiber direction E1 (GPa) 151.0 
Transverse moduli E2 (GPa) 10.6 
Shear moduli G12 (GPa) 6.6 
Poisson’s ratios 12ν  0.31 
Fiber ultimate tensile strai 0.00972 n ultfiberε  
 
Table 5.5 Dimensions and hole sizes of [0/±45/90]s composite laminates [Daniel, 1978]. 
Laminate A B C D E 
Width of specimen W (mm) 127.0 127.0 127.0 127.0 127.0 
Hole diameter D (mm) 0.0 3.0 6.4 15.0 25.4 
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5.2.2 Finite Element Analysis 
 
Finite element models are created based on the experimental specimens. Because of 
the symmetric lay-up, only one half of each laminate is modeled. The boundary 
conditions are similar to those shown in Figure 4.1. Figure 5.9 shows the meshes for 
the five composite laminates. 20-noded brick elements are used and each ply is 
modeled by three layers of elements. There are 400 elements in each layer and 
therefore 4800 elements in total for each model. 
 
However, the critical SIFT values and micromechanical amplification factors for 
T300/SP286 composite system are unknown, so that exact finite element models 
could not be made. Therefore, in this study, only the trend of tensile strengths of 
OHT composite laminates with respect to hole sizes, and not the actual values o
tensile strengths, can be predicted. The results for laminates with holes are 
 
f 
normalized with respect to the strength of laminate without a hole. The same critical 
SIFT values and micromechanical amplification factors as those for IM7/977-3 
composite system are used in this analysis.  
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(a). Laminate A (no hole) 
 
 
(b). Laminate B (D=3.0mm) (c). Laminate C (D=6.4mm) 
(e). Laminate E (D=25.4mm) 
Figure 5.9 FE meshes of [0/±45/90]s laminates under open-hole tension. 
(d). Laminate D (D=15.0mm) 
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Figu gth 
as a function of hole size for [0/±45/90]s graphite/epoxy laminates with circular 
holes under uniaxial tensile loading. Although the values of predicted normalized 
s ellemt agreement with the experimental resu the trend of 
the variation of normalized strengths with respect to hole sizes reasonably 
p he c rve in Figure 5.10 clearly demonstrates the hole-size 
ffect, i.e., a laminate with a smaller notch has higher tensile strength than that with 
a la ze 
effect when the hole radiuses of specime  are sm l (less n 2mm For 
specim r han the ths c  slig ith 
the increasing of hole radiuses. The strength uctions  withi ut 10 the 
trength of un-notched specimen. 
  
re 5.10 shows the predicted and experimentally-determined normalized stren
trengths are not in exc lts, 
 are 
redicted by the model. T u
e
rger notch. It can be seen from Figure 5.10 that there is a significant hole si
ns al tha ). 
ens with hole radiuses g eater t 2mm, streng hange htly w





















Experimental data [Daniel, 1978]
h
 
Figure 5.10 Strength reduction ratios as a function of hole size for [0/±45/90]s 
graphite/epoxy laminates with circular holes under uniaxial tensile loading. 
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It should be noted that since the micromechanical amplification factors and critical 
SIFT values for the composite material (T300/SP286) are unknown, the exact finite 
element models for Daniel’s specimens could not be made. The purpose of this 
study is just to investigate the trend of tensile strength variation of open-hole tension 
omposite laminates with respect to hole sizes, and not the actual values of tensile 
trengths, so finite element models were not created based on the exact dimensions. 
For convenience, the smallest hole radius of 1.5mm is chosen instead of 0.7mm 
because it is very difficult to create a model with such a tiny hole (0.7mm). Hole 
radius of 2.4mm is not considered because it is too close to its adjacent two hole 
sizes (1.5mm and 3.2mm). For simplicity, only one hole size of 7.5mm is used 





The hole-size effect of composite laminates is investigated by studying the 
progressive failure analyses of quasi-isotropic laminates with holes of various 
diameters under uniaxial tension using the element-failure method (EFM) and strain 
invariant failure theory (SIFT) in conjunction with the fiber ultimate failure strain. 
Simulation results are compared with experimental data and the hole-size effect is 
satisfactorily captured by this progressive damage modeling approach, i.e., a 
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Chapter 6 




In this thesis, a novel element-failure method (EFM) and a micromechanics-based 
strain invariant failure theory (SIFT) are used to predict damage progression in 
open-hole tension composite laminates. Similar approach has been successfully used 
to predict damage propagation in composite laminates under quasi-static three-point 
bending [Tay et al., 2005a, b]. However, this analysis is based on 2D models, thus 
restricted to only cross-ply and unidirectional laminates. In 3D cases, factors such as 
geometry, fiber orientation, stacking sequence, through-thickness pressure and 
loading conditions are important parameters for the damage propagation and 
strength prediction of composite laminates. In order to include all of these factors in 
a detailed progressive failure analysis for a general composite laminate, the only 
possible way is to perform a 3D analysis. The major contribution of this work is to 
implement the EFM and SIFT into a 3D in-house code and study the damage 
propagation, stacking sequence effect, delamination and failure loads of open-hole 
tension composite laminates. 
 
Based on the idea that the effect of damage on material property reduction of 
composites can be achieved by modifying the nodal forces of damaged finite 
elements, the element-failure method (EFM) is presented in this thesis to model the 
three-dimensional progressive damage in composite laminates under remote tensile 
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loading. This method has the advantage that the material properties of damaged 
elements are not altered and no recalculation and inversion of stiffness matrices is 
necessary. This is an advantage over the conventional material property degradation 
method, which is computationally expensive and may result in computational 
problems because convergence is not always guaranteed. In addition, as damaged 
elements are not removed from the finite element mesh, they can still sustain 
volumetric compressive loading, which reflects the load-bearing capability of 
damaged elements under compression more realistically. 
 
The EFM was first applied with a recently proposed micromechanics-based strain 
invariant failure theory (SIFT) to model the damage propagation in unidirectional 
and cross-ply composite laminates under open-hole tension. Simulation results show 
large transverse cracks for the unidirectional 90o laminate and longitudinal splitting 
for the unidirectional 0o laminate. This is expected because in the unidirectional 90o 
laminate no fibers stop the crack propagation emanating from the hole edge, and in 
the unidirectional 0o laminate the high local shear deformation between the stress-
relieved fibers and strained fibers induces the longitudinal splitting. Simulation 
results for the cross-ply laminates show large transverse cracks in the 90o plies and 
the damage is more distributed in the laminate with thinner 90 o plies. Typical 
longitudinal cracks can be seen in the surface ply of simulated laminates and a tested 
specimen. The reasonable correlation between the simulation result and documented 
experimental observation validate the feasibility of this SIFT-EFM approach. 
 
The SIFT-EFM approach was also used to study the damage propagation and 
ultimate strengths of two quasi-isotropic composite laminates with different stacking 
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sequences. In addition to matrix cracking, fiber rupture and delamination are also 
taken into account in the progressive failure analyses. It is assumed that an element 
with fiber rupture is completely failed and loses its load-bearing capability in both 
longitudinal and transverse directions, and that an element with delamination cannot 
sustain any load in the out-of-plane direction. It is found that for this problem, the 
predicted damage patterns are not affected by mesh dependency, provided the mesh 
is reasonably fine. The simulation results are compared with the experimental 
observation from Kim and Sihn [2004] and most of the features of damage including 
the location and extension of matrix cracking are replicated, with the exception of 
the delamination size. The delamination size is not accurately predicted probably 
due to the assumption that delamination can only occur in elements that have failed 
by matrix cracking. If the nominal stress corresponding to the first fiber rupture is 
taken as the laminate’s failure strength, the ultimate strengths of the two QI 
laminates are also accurately predicted. The damage pattern and ultimate strength 
are quite different for the two laminates, which suggests a significant stacking 
sequence effect. 
 
Finally, the hole-size effect of composite laminates under uniaxial tension was 
investigated by studying the progressive failure analyses of quasi-isotropic laminates 
with holes of various diameters using the developed method. Simulation results are 
compared with experimental data and the hole-size effect is satisfactorily captured, 
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6.2. Recommendations for Future Work 
 
The following possible directions for future work are proposed: 
 
1). Delamination is studied in this thesis for two quasi-isotropic composite laminates. 
It is found that the delamination size may not be accurately predicted for some 
laminates. This is probably due to the drawback of the delamination criterion. A 
very simple strain-based quadratic criterion is proposed to predict delamination. 
Because of the difficulty of determining the individual critical values of the three 
out-of-plane strain components, the same critical values are assumed. It can be seen 
from the literature review that the decohesion element method has been successfully 
used by many researchers to predict delamination. The decohesion element method 
combines strength-based analysis to predict the damage initiation, and fracture 
mechanics analysis to predict further crack propagation. It requires a-priori 
knowledge of the potential failure sites and decohesion elements to be inserted along 
such a path. The decohesion element method has been thought specially suitable for 
delamination prediction. One aspect of further investigations is to model the 
interface between two different plies by decohesion elements, so that the EFM can 
be used to model the inner-ply damage and the decohesion element method to model 
the inter-ply damage. 
 
2). The damage propagation for composite laminates under quasi-static tensile 
loading has been studied in this thesis. In composite structure design, compressive 
response is also one of the key parameters. One possible research direction is to 
investigate the damage in composite laminates under quasi-static compressive 
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loading by the SIFT-EFM approach. It should be noted that besides the failure 
mechanisms for tensile cases, fiber kinking or microbuckling needs to be taken into 
account for composite laminates under compressive loading. 
 
3). In this thesis, only quasi-static loading problem is studied. It can be seen from the 
principle of the EFM that no restriction is given for the loading type. Extension to 
dynamic, fatigue and durability problems should be topics of future research. 
 
4). SIFT and ultimate fiber failure strain are chosen for the work reported in this 
thesis. The damage patterns are reasonably reproduced by the simulation. If the first 
load drop triggered by the first fiber breakage is taken as the failure load, the 
predicted laminate strength also agrees very well with the experimental data. But if 
the highest load value is taken as the failure load, the predicted result is much higher 
than the experimental data. The EFM may in general be used with any appropriate 
failure theory. Many failure theories for composite materials have been proposed 
and new ones are still coming forth. Another possible research direction is to use the 
EFM with other failure theories besides SIFT, like Tsai-Wu [Tsai and Wu, 1971], 
Hashin [Hashin, 1980], micromechanics of failure (MMF) [Christensen, 2004, 2006], 
etc. to study the damage patterns and failure loads. 
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The appendix presented here, depicts the additional simulation results for the two 





















(d). 0o ply 
Figure A.1 Damage maps of [±45/90/0]s laminate just after the first major load drop 
(
delamC = 0.1, nominalε = 9.97×10-3). 
(b). -45o ply 
(c). 90o ply 
 
 
(a). 45o/-45o interface 
delamination
(c). 90o/0o interface 
(b). -45o/90o interface 
Figure A.2 Delamination in [±45/90/0]s laminate just after the first major 
load drop ( = 0.1
















(a). 45o/-45o interface 
delamination
(c). 90o/0o interface 
(b). -45o/90o interface 
e A.3 Damage maps of [±45/90/0]s laminate just after the first major load d
(
rop 
delamC = 0.3, nominalε = 1.0
(b). -45o ply 
(c). 90o ply 
2×10-2). 
Figure A.4 Delamination in [±45/90/0]s laminate just after the first major 
load drop ( = 0.3












(d). 0o ply 
Figure A.5 Damage maps of [±45/90/0]s laminate just after the first major load drop 
(
delamC = 0.8, nominalε = 1.01×10-2). 
(b). -45o ply 
(c). 90o ply 
 
 
(a). 45o/-45o interface 
delamination
(c). 90o/0o interface 
(b). -45o/90o interface 
Figure A.6 Delamination in [±45/90/0]s laminate just after the first major 
load drop ( = 0.8






(a). 45o/-45o interface 
delamination
(c). 90o/0o interface 
(b). -45o/90o interface 








(d). 0o ply 
Figur rop e A.7 Damage maps of [±45/90/0]s laminate just after the first major load d
(
delamC = 1.0, nominalε = 9.8
(b). -45o ply 
(c). 90o ply 
4×10-3). 
Figure A.8 Delamination in [±45/90/0]s laminate just after the first major 
load drop ( = 1.0































Table A.1 Predicted strength of [±45/90/0]s laminate by different values of Cdelam. 
Cdelam 0.1 0.3 0.5 0.8 1.0 
Predicted strength 
(MPa) 557.3 568.4 561.3 564.6 550.3 
 
Figure A.9 Stress-strain curves of [±45/90/0]s laminate predicted by using 












(d). 90o ply 




= 0 minalε = 7
(b). 0o ply 




(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure A.11 Delamination in [45/0/-45/90]s laminate just after the first major 
load drop (
delamC = 0.1, nominal = 7.68×10
-3). 













(d). 90o ply 
Figure A.12 Damage maps of [45/0/-45/90]s laminate just after the first major load 
drop (
delamC = 0.3, nominalε = 7.55×10-3). 
(b). 0o ply 
(c). -45o ply 
 
 
(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure A.13 Delamination in [45/0/-45/90]s laminate just after the first major 
load drop (
delamC = 0.3, nominal = 7.55×10
-3). 













(d). 90o ply 




= 0 minalε = 7
(b). 0o ply 




(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure A.15 Delamination in [45/0/-45/90]s laminate just after the first major 
load drop (
delamC = 0.8, nominal = 7.68×10
-3). 







(a). 45o/0o interface 
delamination
(c). -45o/90o interface 
Figure A.17 Delamination in [45/0/-45/90]s laminate just after the first major 
load drop (
delamC = 1.0, nominalε = 7.68×10-3). 
(b). 0o/-45o interface 








(d). 90o ply 
Figure A.16 Damage maps of [45/0/-45/90]s laminate just after the first major load 
drop (
delamC = 1.0, nominalε = 7.68×10-3). 
(b). 0o ply 






Table A.2 Predicted strength of [45/0/-45/90]s laminate by different values of Cdelam. 

























(MPa) 437.2 430.1 437.4 437.3 437.3 
 
 
Figure A.18 Stress-strain curves of [45/0/-45/90]s laminate predicted by using 
different values of Cdelam. 
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